©X  MBMS 

aHiw 


The  University  of  Alberta 
Printing  Department 
Edmonton,  Alberta 


THE  UNIVERSITY  OF  ALBERTA 


TIME  DEPENDENT  DEFLECTIONS  OF  REINFORCED 
CONCRETE  SLABS 


by 


ANDREW  SCANLON,  B.Sc.  (Honours) 


A  THESIS 

SUBMITTED  TO  THE  FACULTY  OF  GRADUATE  STUDIES  AND  RESEARCH 
IN  PARTIAL  FULFILMENT  OF  THE  REQUIREMENTS  FOR  THE  DEGREE  OF 

DOCTOR  OF  PHILOSOPHY 


DEPARTMENT  OF  CIVIL  ENGINEERING 


EDMONTON,  ALBERTA 

SPRING,  1972 


UNIVERSITY  OF  ALBERTA 


|  ft  •“?  > 


ii 


FACULTY  OF  GRADUATE  STUDIES  AND  RESEARCH 

The  undersigned  certify  that  they  have  read  and  recommend  to 
the  Faculty  of  Graduate  Studies  and  Research  for  acceptance  a  thesis 
entitled  "TIME  DEPENDENT  DEFLECTIONS  OF  REINFORCED  CONCRETE  SLABS"  sub¬ 
mitted  by  ANDREW  SCANLON  in  partial  fulfilment  of  the  requirements  for 
the  degree  of  Doctor  of  Philosophy. 


iii 


ABSTRACT 

A  finite  element  approach  to  the  analysis  of  reinforced  con¬ 
crete  slabs,  which  includes  the  effects  of  cracking  and  time  dependent 
effects,  is  presented. 

Constitutive  relations  for  reinforced  concrete  are  developed 
which  account  for  the  reduced  stiffness  due  to  cracking.  Time  dependent 
strains  in  concrete  are  accounted  for  by  considering  concrete  to  behave 
as  an  ageing  linear  visco-elastic  material  which  exhibits  shrinkage. 
Classical  small  deflection  plate  bending  theory  is  modified  for  these 
constitutive  relations  and  a  method  of  analysis  is  developed  using  a 
rectangular  plate  bending  element.  Numerical  results  are  obtained  and 
compared  with  available  classical  solutions  and  experimental  results. 

A  study  of  factors  affecting  slab  deflections  is  carried  out 
and  simplified  procedures  for  computing  slab  deflections  are  examined. 
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CHAPTER  1 
INTRODUCTION 


1.1  Introductory  Remarks 

The  design  of  reinforced  concrete  structures  requires  the 
satisfaction  of  two  main  criteria,  namely  strength  and  serviceability. 
Strength  refers  to  the  ability  of  the  structure  to  carry  the  loads  for 
which  it  is  designed  and  is  therefore  the  primary  consideration. 

Since  reinforced  concrete  structures  are  generally  designed  to  produce 
a  ductile  failure  requiring  yielding  of  the  reinforcement  before 
failure  of  the  concrete,  the  strength  of  a  member  or  structure  may  be 
considered  to  be  mainly  a  function  of  the  steel  reinforcement.  The 
properties  of  steel  are  generally  well  defined  so  that  the  strength 
may  be  determined  with  reasonable  accuracy. 

Serviceability  in  reinforced  concrete  generally  refers  to 
behaviour  at  working  load  levels  with  particular  reference  to  cracking 
and  deflections.  Both  cracking  and  deflections  are  primarily  depend¬ 
ent  on  the  behaviour  of  concrete  and  are  consequently  much  more  diffi¬ 
cult  to  predict  than  strength  since  the  properties  of  concrete  are 
highly  variable  and  are  dependent  on  a  large  number  of  factors. 

When  structures  were  designed  on  the  basis  of  allowable 
stresses  and  straight  line  theory,  the  relatively  low  stresses  resulted 
in  stiff  sections  which  rarely  produced  concern  for  deflections. 
However,  with  the  advent  of  ultimate  strength  design,  higher  concrete 
stresses  and  higher  steel  yield  stresses,  shallower  more  highly  rein¬ 
forced  sections  could  be  used,  and  this  in  turn  resulted  in  more  con¬ 
cern  for  serviceability  requirements.  This  concern  is  reflected  in 
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the  development  of  deflection  requirements  in  the  A.C.I.  Building  Code. 

(2) 

Before  A.C.I.  31 8-63 v  1  there  were  no  specific  requirements  for  control 
of  deflections  of  beams  and  one-way  slabs,  although  limiting  thicknesses 
were  specified  for  flat  slabs  and  two-way  construction.  In  A.C.I. 
318-63,  deflection  requirements  were  introduced  to  cover  both  one-way 
and  two-way  construction,  particularly  with  respect  to  ultimate  strength 
design. 

(2) 

These  requirements  have  been  expanded  in  A.C.I.  318-7  r  '  to 
cover  lightweight  concrete,  composite  construction,  pre-stressed  con¬ 
crete  and  varying  yield  strengths.  Methods  are  indicated  for  computing 
both  short  and  long  time  deflections.  These  procedures,  however,  do 
not  take  into  account  variations  in  creep  and  shrinkage  properties  which 
may  have  a  considerable  effect  on  deflections.  The  need  to  consider 
the  effects  of  deflections  of  reinforced  concrete  structures,  parti¬ 
cularly  floor  slabs,  is  indicated  by  the  results  of  a  survey  of  damage 
to  concrete  structures  carried  out  in  Germany  by  Mayer  and  Ruschv  . 

By  far  the  most  common  cause  of  damage  was  excessive  slab  deflection 
leading  to  partition  wall  damage,  and  damage  to  plaster  and  finishes. 
Among  the  causes  cited  for  damage  were  use  of  the  uncracked  section 
for  deflection  calculations  and  insufficient  consideration  of  creep 
and  shrinkage  deformations. 

Several  procedures  have  been  developed  for  the  analysis  of 
reinforced  concrete  floor  slabs  assuming  the  material  to  be  linear 
elastic.  These  include  plate  bending  theory,  plate  analogue,  finite 
difference  solutions,  and  grillage  solutions,  all  of  which  are  dis¬ 
cussed  in  reference  (18).  It  was  not  until  the  development  of  finite 
element  techniques  that  more  realistic  non-linear  material  properties 
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could  be  used  for  solutions  of  problems  of  reasonable  complexity. 

King^^  applied  the  theory  of  linear  viscoelasticity  to  the  solution 

of  two  dimensional  stress  problems  using  the  finite  element  approach 

while  Selna^^  developed  a  solution  for  planar  reinforced  concrete 

structures  which  included  cracking  and  time-dependent  effects,  also 

(35) 

using  linear  visco-elasticity.  Manuel  and  McGregorv  '  used  a  rate 
of  creep  approach  in  the  study  of  the  effects  of  sustained  loads  on 
reinforced  concrete  columns  in  frames. 

1.2  Object  and  Scope 

The  objectives  of  this  investigation  are 

1.  To  develop  constitutive  relations  for  reinforced  concrete  which 
account  for  the  effects  of  cracking  and  time  dependent  behaviour. 

2.  To  apply  these  non-linear  constitutive  relations  to  a  finite  element 
analysis  of  reinforced  concrete  floor  slabs. 

3.  To  study  the  effects  of  several  parameters  on  slab  deflections 
using  the  analysis  procedure  developed. 

In  addition,  the  results  of  the  parameter  study  are  used  in 
a  preliminary  assessment  of  available  simplified  procedures  for  evalua¬ 
tion  of  slab  deflections. 

1.3  Outline  of  Contents 

The  plane  stress  constitutive  relations  used  in  this  disserta¬ 
tion  are  developed  in  Chapter  2.  In  the  general  case,  the  instantaneous 
elastic  relationships  are  developed  for  a  layer  of  unit  thickness  con¬ 
sisting  of  reinforcement  placed  at  arbitrary  angles  to  the  coordinate 
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system  and  a  set  of  orthogonal  cracks  in  the  concrete  also  oriented  in 
an  arbitrary  fashion.  The  relationships  obtained  are  generally  aniso¬ 
tropic.  Assumptions  are  then  made  concerning  the  behaviour  of  the 
layer  which  allow  the  relationships  to  be  specialized  to  the  case  of 
orthotropy  with  respect  to  the  global  coordinate  system.  Time  depend¬ 
ent  effects  are  introduced  by  treating  the  concrete  as  an  ageing  linear 
visco-elastic  material  exhibiting  shrinkage.  A  numerical  integration 
technique  with  respect  to  time,  developed  by  Selna^6^  for  the  uniaxial 
stress  case  is  generalized  for  plane  stress. 

In  Chapter  3,  the  general  method  of  analysis  is  described. 

An  iterative  procedure  is  developed  to  account  for  cracking  and  an 
attempt  is  made  to  account  for  the  tensile  stiffening  effect  of  concrete 
between  cracks.  An  incremental  procedure  with  respect  to  time  is  used 
to  trace  the  time-dependent  behaviour. 

An  attempt  to  verify  the  analytical  model  is  made  in  Chapter 
4.  Elastic  plate  bending,  cracking  and  time  dependent  solutions  are 
compared  with  available  classical  and  experimental  results. 

Chapter  5  describes  the  results  of  a  study  in  which  the  analy¬ 
sis  was  applied  to  a  number  of  flat  plate  floor  slabs  to  determine  the 
effects  of  varying  certain  parameters. 

A  brief  examination  of  available  simplified  procedures  for 
computing  short  and  long  time  deflections  is  made  in  Chapter  6  using 
the  results  of  the  study  carried  out  in  Chapter  5.  A  short  summary  and 
recommendations  for  further  studies  are  presented  in  Chapter  7. 
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CHAPTER  2 

MATERIAL  PROPERTIES  AND  CONSTITUTIVE  RELATIONS 
2.1  Introduction 

This  chapter  deals  with  the  constitutive  relations  to  be  used 
in  the  analysis  of  reinforced  concrete  floor  slabs.  These  relations 
require  knowledge  of  the  properties  of  the  constituent  materials,  steel 
and  concrete,  and  of  the  behaviour  of  the  two  combined  as  a  composite 
material.  A  precise  point-wise  evaluation  of  stress  and  strain  in  the 
composite  material  is  not  attempted.  Instead  it  is  assumed  that  suf¬ 
ficiently  accurate  information  can  be  obtained  from  a  structural 
engineering  point  of  view  by  considering  stress  and  strain  measured 
over  a  relatively  long  gauge  length. 

The  properties  of  reinforcing  steel  are  generally  well  defined 
and  steel  may  be  considered  to  behave  as  a  linear  elastic  material. 

(This  study  is  concerned  with  the  behaviour  at  working  load  levels  and 
it  is  therefore  assumed  that  the  steel  stress  remains  in  the  elastic 
range. ) 

The  properties  of  concrete  are  known  to  depend  on  a  large 
number  of  factors  including  mix  proportions,  environmental  conditions, 
load  level,  size  and  shape  of  member,  age  at  loading  and  duration  of 
load.  In  addition  the  properties  will  generally  vary  throughout  the 
structure  so  that  the  assigned  material  properties  can  only  be  con¬ 
sidered  to  represent  the  average  conditions  in  the  body. 

The  analysis  of  reinforced  concrete  slabs  may  be  treated  as 
a  problem  of  plate  bending  under  transverse  loading.  The  stress  in 
the  direction  of  the  normal  to  the  surface  of  the  plate  may  be  neglected 
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so  that  any  point  in  the  plate  may  be  considered  to  be  in  a  state  of 

(471 

plane  stress  under  loadv  '.  The  constitutive  relations  in  this  chapter 
are  therefore  developed  for  plane  stress. 

The  constitutive  relations  are  first  developed  in  general 
terms  for  a  layer  of  unit  thickness  containing  reinforcement  oriented 
arbitrarily  with  respect  to  the  global  coordinates  and  a  set  of  orth¬ 
ogonal  cracks  also  at  an  arbitrary  angle.  A  simple  cracking  criterion 
is  then  established  which  allows  these  relations  to  be  specialized  to 
the  case  of  orthotropy  with  respect  to  the  global  coordinate  system. 

This  is  accomplished  by  replacing  the  cracked  concrete  layer  by  a 
material  orthotropic  with  respect  to  the  global  system  and  which  is 
assumed  to  have  a  reduced  tensile  modulus  of  elasticity. 

Time  dependent  constitutive  relations  for  a  layer  of  concrete 
under  plane  stress  are  then  developed  and  a  numerical  integration  tech¬ 
nique  is  described  for  the  evaluation  of  the  strain  history  for  an 
applied  stress  which  varies  with  time.  Finally,  evaluation  of  creep 
and  shrinkage  properties  for  different  concretes  is  discussed. 

2.2  Constitutive  Relations  for  a  Layer  of  Reinforced  Concrete  under 
Plane  Stress  (Instantaneous  -  Elastic) 

In  order  to  formulate  the  constitutive  relations  for  a  layer 
of  reinforced  concrete  which  may  have  reinforcing  steel  at  an  arbitrary 
angle  to  the  global  coordinate  system  and  which  may  be  uncracked  or 
cracked  in  an  arbitrary  direction  the  following  assumptions  are  made. 

1.  Under  an  arbitrary  infinitesimal  strain  field  the 
reinforcing  bars  carry  uniaxial  stress  only. 

2.  Reinforcing  steel  is  expressed  in  terms  of  the  ratio  of 
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steel  area  to  total  area  per  unit  of  length  measured  perpendicular  to 
the  direction  of  the  reinforcement.  The  actual  size  and  spacing  of 
reinforcing  bars  within  a  layer  is  considered  to  have  no  effect  on  the 
analysis . 

3.  The  stiffnesses  for  steel  and  concrete  may  be  formulated 
separately  and  the  results  superimposed  to  obtain  the  stiffness  for 
the  layer. 

4.  The  volume  of  concrete  displaced  by  the  steel  may  be 

ignored. 

5.  In  the  case  of  a  cracked  layer,  the  tensile  stiffening 
effect  of  concrete  between  cracks  may  be  accounted  for  by  replacing 
the  concrete  with  a  continuous  material  having  a  reduced  modulus  in 
tension  perpendicular  to  the  cracks  and  a  reduced  Poisson's  ratio. 

6.  The  shear  modulus  of  a  layer  whether  cracked  or  uncracked 
is  assumed  to  be  that  of  an  uncracked  plane  concrete  layer.  This 
assumption  is  intended  to  account  for  the  effects  of  dowel  action  and 
aggregate  interlock  on  the  shear  stiffness  of  a  cracked  layer.  Small 
percentages  of  reinforcing  steel  are  assumed  to  have  an  insignificant 
effect  on  the  shear  stiffness  or  twisting  stiffness  of  the  plate  before 
cracking. 

7.  Cracking  at  more  than  one  orientation  may  be  represented 
by  a  system  of  orthogonal  cracks. 

8.  Complete  strain  compatibility  between  steel  and  concrete 
is  maintained. 

9.  Linear  elastic  behaviour  is  assumed  for  steel  and  for 
instantaneous  response  of  the  concrete. 


I 


8 


2.2.1  Steel 

Figure  2.1(a)  shows  an  element  taken  from  a  layer  of  rein¬ 
forced  concrete  of  unit  thickness  containing  one  set  of  reinforcing 
bars  and  one  set  of  cracks  each  at  an  arbitrary  angle  to  the  global 
x,y  axes.  The  steel  and  concrete  are  shown  separately  in  Figure  2.1(b) 
and  Figure  2.1(c)  respectively. 

The  local  coordinate  system  x',y'  for  the  steel  is  orien-. 
tated  at  an  angle  3'  to  the  global  x-axis  and  the  steel  runs  parallel 
with  the  x'-axis.  For  an  arbitrary  strain  field,  the  resulting  stress 
field  is  expressed  as , 
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where  p  ,  is  the  area  of  steel  per  unit  of  length  in  the  y1  direction 

A 

and  Es  is  Young's  modulus  for  steel. 

Symbolical ly , 

{o$,}  =  [C (2.1) 

Stresses  and  strains  are  related  to  the  global  axes  by  the  second  order 
tensor  transformation, 


{a$'}  =  [T]{o$} 

(2.2) 

{es ' }  =  [T ] { e$  > 

(2.3) 

where , 
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[T] 


sc 


2sc 

-2sc 


(2.4) 


and  c  =  cos  b'  ,  s  =  sin  a' 

The  constitutive  relation  referred  to  the  global  system  becomes, 


<os}  =  [T]‘1[Ci][T]{es}  =  [Cs]{es>  (2.5) 

For  n  sets  of  reinforcing  steel  in  the  same  layer, 

{as}  =  n[csi^s}  (2.6) 


2.2.2  Concrete 

Figure  2.1(c)  shows  the  local  coordinate  system  x",y"  for  the 
layer  of  concrete  with  cracks  running  parallel  with  the  y"-axis.  The 
layer  is  seen  to  be  orthotropic  with  respect  to  the  local  system. 
Orthotropy  is  maintained  if  an  additional  set  of  cracks  is  formed 
parallel  with  the  x"  axis. 

The  plane  stress  constitutive  relation  referred  to  the  local 
system  may  be  expressed  as. 
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or  {oc">  =  [Cc"]{ec"}  (2.7) 
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where 

E  n  ,  v  „  are  Young's  modulus  and  Poisson's  ratio  for  the 

La  La 

x"  direction 

E  i,  ,  v  „  are  Young's  modulus  and  Poisson's  ratio  for  the 
cy  cy 

y"  direction 

and  Gx„  „  is  the  shear  modulus. 

Referred  to  the  global  system  the  above  expression  becomes, 

{ac)  =  [T]"1[C(.l,][T]{ec}  =  [Cc]{ec>  (2.8) 

where  B"  replaces  B '  in  [T]. 

Before  cracking  takes  place,  the  elastic  constants  take  the 
values  for  plane  concrete  and  the  material  may  be  considered  to  be 
isotropic.  However,  after  cracking  the  overall  stiffness  is  reduced 
because  of  the  inability  of  the  concrete  to  transfer  tensile  stresses 
across  a  crack.  In  this  case  the  elastic  constants  must  be  reduced. 
The  definition  of  elastic  constants  in  a  cracked  layer  is  postponed 
until  section  2.3. 

2.2.3  Combined  Steel  and  Concrete 

For  compatibility  of  strain  between  steel  and  concrete, 

{ e }  =  { e  $ }  =  { e  c }  (2.9) 

The  total  stress  in  the  composite  layer  is  expressed  by, 

{a}  =  {ac>  +  { as } 

-  [[CJ  +  l  [Csi]]{£} 
c  i=l  S1 

fa}  = 


or. 


[C]{el 


(2.10) 


11 


These  constitutive  relations  have  been  developed  for  the 
general  case  of  arbitrary  reinforcement  layouts  and  a  system  of  ortho¬ 
gonal  cracks  oriented  at  an  arbitrary  angle  to  the  global  coordinate 
system. 

The  present  investigation  will  be  restricted  to  slabs  in 
which  reinforcement  is  placed  in  an  orthogonal  pattern  coinciding  with 
the  global  coordinate  system.  In  the  next  section  a  cracking  criterion 
will  be  established  which  allows  the  above  relationships  to  be 
specialized  to  the  case  of  orthotropy  in  the  global  coordinate  system 
in  which  case  the  transformation  matrix  [T]  is  not  required. 

2.3  Cracking  Criterion 

In  order  to  include  the  effect  of  cracking  in  the  analysis  a 
cracking  criterion  must  be  established.  The  cracking  criterion  should 
define 

a)  the  conditions  under  which  cracking  occurs 
and  b)  the  general  direction  of  crack  propagation. 

Consideration  should  also  be  given  to  the  tensile  stiffening  effect  of 
concrete  between  cracks  and  to  the  effects  of  reinforcing  steel  dowel 
action  and  aggregate  interlock  on  the  twisting  stiffness  after  cracking. 

2.3.1  Plain  Concrete 

Experimental  work  on  the  failure  criteria  for  plain  concrete 
under  biaxial  stress^)  indicates  that  the  failure  envelope  in  terms 
of  principal  stresses  is  of  the  form  shown  in  Figure  2.2.  The  shaded 
area  indicates  the  stress  levels  to  be  expected  under  working  load 
conditions.  The  direction  of  cracking  is  determined  by  the  direction 
of  the  maximum  principal  tensile  stress.  It  can  be  seen  that  little 
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error  will  be  introduced  by  assuming  that  cracking  occurs  when  either 
of  the  principal  tensile  stresses  exceeds  the  uniaxial  tensile  strength, 
particularly  in  the  working  load  range. 

Figure  2.3  shows  a  typical  stress  strain  diagram  for  plain 
concrete  in  tension.  At  approximately  80%  of  the  ultimate  stress, 
micro-cracking  begins  to  occur  at  the  aggregate-paste  inter-face,  and 
the  stress  strain  diagram  becomes  non-1  inear^) .  At  the  ultimate 
tensile  stress  cracking  propagates  throughout  the  specimen  and  the 
stress  drops  to  zero. 

2.3.2  Reinforced  Concrete 

Cracking  in  reinforced  concrete  is  complicated  by  the  pres¬ 
ence  of  the  reinforcing  bars  which  act  both  as  crack  arrestors  and 

(19) 

crack  instigators v  ' . 

Figure  2.4(a)  shows  a  reinforced  concrete  element  under  uni¬ 
axial  stress.  When  the  concrete  stress  reaches  the  ultimate  tensile 

(22) 

strength,  primary  cracks  form  at  intervals  along  the  length v  .  The 

total  load  is  transferred  across  these  cracks  by  the  reinforcement 
but  the  concrete  between  cracks  is  still  capable  of  carrying  stress 
because  of  the  bond  between  steel  and  concrete.  As  the  load  increases, 
intermediate  cracks  form  and  the  proportion  of  the  load  carried  by  the 
concrete  gradually  diminishes.  In  terms  of  average  stress  over  a 
relatively  long  gauge  length,  the  concrete  average  stress  vs  strain 
diagram  may  be  considered  to  have  an  unloading  portion.  In  this  analy¬ 
sis  it  is  assumed  that  the  tensile  response  of  concrete  in  a  reinforced 
concrete  slab  may  be  represented  in  terms  of  a  series  of  discrete  steps 
as  shown  in  Figure  2.4(b).  The  tensile  stress  is  assumed  to  increase 
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linearly  until  the  ultimate  tensile  stress  is  reached  at  which  point 
the  modulus  of  elasticity  drops  to  the  next  lower  step  on  the  diagram. 

The  stress  in  the  softened  material  is  allowed  to  increase  to  the 

limiting  value  corresponding  to  this  branch  of  the  diagram.  This  pro¬ 
cess  continues  until  the  modulus  for  concrete  drops  to  zero.  By 
gradually  reducing  the  concrete  modulus  relative  to  the  steel  modulus, 
the  proportion  of  load  carried  by  the  steel  gradually  increases  until 
finally  all  of  the  load  is  assumed  to  be  carried  by  the  steel.  This 
process  will  under-estimate  the  maximum  stress  in  the  steel  at  all 
stages  between  first  cracking  and  no  stress  carried  by  the  concrete 
since  at  first  cracking  the  total  load  will  be  carried  by  the  steel 
across  the  primary  cracks,  while  the  steel  between  cracks  will  be 
stressed  at  a  lower  level. 

The  application  of  the  above  concept  to  the  analysis  of 

reinforced  concrete  slabs  is  described  in  section  3.4  and  the  choice 

of  reduced  moduli  and  corresponding  limiting  stresses  is  discussed  in 
section  4.3. 

The  direction  of  crack  propagation  in  a  two  dimensional 
system  is  also  affected  by  the  reinforcement.  Morley^^,  in  tests 
carried  out  to  investigate  the  behaviour  of  reinforcement  placed  at 
an  angle  to  the  direction  of  maximum  applied  tensile  stress,  has 
observed  the  tendency  of  cracks  to  propagate  along  the  reinforcement 
and  perpendicular  to  it  as  shown  in  Figure  2.5(a). 

In  tests  carried  out  to  investigate  the  cracking  behaviour 

(41 ) 

of  concrete  slabs  reinforced  with  welded  wire  fabric,  Nawyv  has 
observed  that  the  direction  of  crack  propagation  may  be  determined  by 
the  size  -and  spacing  of  the  reinforcement  rather  than  the  direction  of 
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maximum  principal  tensile  stress.  For  closely  spaced  wires  (of  the 
order  of  4"  to  8"  apart)  placed  orthogonally,  the  cracks  tended  to 
propagate  in  an  orthogonal  pattern  coinciding  with  the  reinforcement 
layout  (see  Figure  2.5(b)).  In  the  case  of  more  widely  spaced  wires, 
cracks  tended  to  follow  the  general  direction  of  the  maximum  princi¬ 
pal  tensile  stress,  thus  tending  towards  plain  concrete  behaviour. 

Cracking  in  reinforced  concrete  slabs  therefore  appears  to 
be  influenced  to  a  large  extend  by  local  stress  concentrations,  caused 
in  particular  by  the  presence  of  reinforcing  steel.  In  practical 
situations,  cracking  at  service  load  will  occur  in  regions  of  high 
moment  where  the  reinforcement  percentage  is  greatest  and  the  spacing 
will  generally  be  such  as  to  encourage  the  orthogonal  cracking  patterns 
observed  by  Nawy.  This  would  certainly  be  desirable  from  the  point  of 
view  of  control  of  crack  spacing  and  crack  width. 

In  view  of  the  above  observations  it  is  apparent  that  the 
direction  of  crack  propagation  may  not  easily  be  predicted  in  all  cases 
and  therefore  a  very  simple  cracking  criterion  has  been  established. 

It  is  assumed  that  reinforcement  is  placed  parallel  with  the  sides  of 
the  slab.  The  stress  strain  diagram  for  concrete  in  tension  is  assumed 
to  be  in  the  form  of  a  stepped  function,  as  shown  in  Figure  2.4,  and 
after  cracking  a  concrete  layer  is  considered  to  consist  of  an  ortho¬ 
tropic  material  with  a  different  modulus  of  elasticity  in  tension  and 
compression,  the  moduli  being  defined  in  the  global  coordinate  system. 
By  defining  orthotropic  elastic  constants  in  the  global  coordinate 
system  it  is  implicitly  assumed  that  cracks  propagate  parallel  and 
perpendicular  to  the  reinforcement.  While  this  will  not  always  be  the 
case,  the  approximation  is  considered  to  be  a  satisfactory  means  of 
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determining  the  overall  reduction  in  flexural  stiffness  due  to  crack¬ 
ing  and  in  view  of  the  variability  of  the  material  and  the  number  of 
factors  which  affect  cracking  in  concrete,  a  more  sophisticated 
criterion  would  appear  to  be  unwarranted  at  present.  The  evaluation 
of  the  constants  Ex,  E^,  vx  and  in  the  analysis  is  discussed  in 
more  detail  in  section  3.4. 

An  orthotropic  material  under  plane  stress  requires  four 
elastic  constants  to  be  defined  in  the  principal  di rections .  To 
maintain  symmetry  of  the  constitutive  matrix, 


V  V 

JL  =  JL 
Ex  '  Ey 

For  the  purpose  of  the  analysis,  if  the  elastic  modulus  is 

reduced  for  tension,  the  corresponding  Poisson's  ratio  is  reduced  in 

the  same  proportion.  It  now  remains  to  establish  a  value  for  the  shear 

(45) 

modulus  of  a  layer.  Sandhuv  1  presents  an  expression  for  a  bimodular 
isotropic  material  in  which  the  modulus  in  tension  is  different  from 
that  in  compression,  but  each  modulus  is  invariant  with  orientation  of 
the  coordinate  system.  The  shear  modulus  may  be  expressed  as 


G 


(2.11) 


where  E  =  modulus  of  elasticity  in  compression 
Et  =  modulus  of  elasticity  in  tension 
v  =  v  =  Poisson's  ratio  for  compression 
Etvc 

v.  =  — p — — ■  =  Poisson  s  ratio  for  tension 
L  fcc 

For  a  generally  orthotropic  material,  G  cannot  be  related  to 
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the  elastic  constants  E  ,  E  ,  v  and  v  and  must  be  defined  separately. 

x  y  x  y 

For  an  uncracked  slab,  the  small  percentages  of  reinforcement  will 
have  a  negligible  effect  on  the  twisting  stiffness  and  the  shear 
modulus  may  be  considered  to  be  constant  throughout  the  depth  of  the 
slab  and  equal  to  the  value  for  uncracked  concrete.  After  cracking, 
the  situation  becomes  more  complex  and  although  the  shear  stiffness 
is  undoubtedly  reduced  by  cracking,  the  effects  of  dowel  action  in  the 
steel,  and  aggregate  interlock  tend  to  minimize  the  reduction.  Rather 
than  attempt  to  develop  a  theoretical  expression  for  shear  stiffness 
which  takes  these  factors  into  account  the  uncracked  shear  modulus 
value  was  used  both  before  and  after  cracking  for  the  model  developed 
in  this  work. 

The  constitutive  relations  represented  by  Equation  2.10  may 
now  be  written  for  the  orthotropic  case. 


where 
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pxEs 


pyEs 


Ex,  Ey,  vx,  Vy  and  GXy  are  elastic  constants  for  concrete  in 
the  global  coordinate  system  and  are  defined  as  follows 


Ex  =  “x  Ec 

Ey  "  “y  EC 


v  =  a  v 

X  X  c 


v  -  a  v 

y  y  c 


g  =  G 
xy  c 


and  Ec  =  Young's  modulus  for  uncracked  concrete 

v  =  Poisson's  ratio  for  uncracked  concrete 

V 

G  =  Shear  modulus  for  uncracked  concrete 

The  "cracking  coefficients"  a  and  aw  equal  unity  for  the 

x  y 

uncracked  state  and  are  reduced  for  tensile  stresses  after  cracking 
takes  place.  The  evaluation  of  these  coefficients  is  discussed  further 
in  section  3.4. 


2.4  Time  Dependent  Constitutive  Relations 

The  instantaneous  elastic  constitutive  relations  for  rein¬ 
forced  concrete  have  been  developed  above.  These  are  now  extended  to 
include  the  time  dependent  effects  of  creep  and  shrinkage.  Creep  is 
defined  as  the  time  dependent  strain  due  to  stress,  and  shrinkage  is 
defined  as  the  time  dependent  strain  in  a  stress  free  specimen,  or  the 
volume  change  with  time  under  zero  applied  stress.  From  a  mathematical 
standpoint  it  is  convenient  to  consider  the  creep  and  shrinkage  effects 
as  independent  phenomena,  although  the  physical  mechanisms  involved  in 
creep  and  shrinkage  and  their  interdependence  are  as  yet  incompletely 
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understood. 

The  literature  on  time  dependent  behaviour  of  concrete  is 

i 

extensive.  A  review  of  analytical  and  experimental  work  is  given 
by  Selna^)  while  Ali  &  Kesler^  have  surveyed  the  work  done  on  the 
development  of  rheological  models  and  related  topics. 

2.4.1  Uniaxial  Stress 

The  stress-strain-time  relation  is  developed  for  the  uniaxial 
case  and  then  generalized  to  the  two-dimensional  stress  state.  The 
following  assumptions  are  made. 

( 371 

1.  The  Boltzman  principal  of  superposition v  1  of  creep 
strains  is  valid. 

2.  Concrete  is  assumed  to  be  an  ageing  linear  visco-elastic 

material . 

3.  The  time  dependent  response  is  the  same  in  tension  and 
compression  for  uncracked  concrete. 

4.  Temperature  effects  are  not  included. 

These  assumptions  have  been  discussed  by  several  authors 
including  McHenry^3^,  Arutyunyan^  and  Selna^6^  and  on  the  basis  of 
available  experimental  data  are  generally  accepted  to  be  satisfactory 
for  concrete  up  to  approximately  one  half  of  the  ultimate  stress. 
Although  tensile  stresses  will  exceed  one  half  of  the  ultimate  tensile 
stress  under  working  load  conditions,  it  is  assumed  that  the  assumptions 
are  valid  over  the  complete  range  of  tensile  stress. 

Under  a  given  stress  history  a(x),  the  principal  of  super¬ 
position  of  creep  strains  allows  the  total  stress-produced  strain  at 
time  t ,e° (t. )  to  be  written  in  terms  of  a  superposition  integral 
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■t  3a(x ) 

C(t,T)  3x 

0 


cIt 


(2.13) 


where  C(t,T)  is  the  specific  compliance,  defined  as  the  total  strain 
at  time  t  due  to  a  unit  sustained  stress  applied  at  time  x. 

The  general  form  of  the  compliance  function  is  shown  in  Figure 
2.6  and  may  be  written  in  the  form 


c(t,T)  =  ^iy+f(t-T,x)  (2.14) 

where  E(x)  is  the  instantaneous  elastic  modulus  at  time  x  and  f(t-x,x) 

( 37) 

is  the  "apparent"  creep  as  defined  by  McHenryv  .  The  "true"  creep, 
also  defined  by  McHenry  is  obtained  from 


eCT^ 


C(t,x) 


1 

E[tT 


(2.15) 


Several  functions  have  been  proposed  in  the  literature  to 
represent  the  compliance.  A  function  developed  by  Selna^^  and  based 
on  forms  suggested  by  McHenry  ^7)  ancj  Arutyunyan^  is  used  in  this 
investigation.  This  function  is  of  the  general  form 

1  m  -k- (t-x) 

c(t,x)  =  +  J  ai(x)(l-e  ) 


^2  a^  a^  -k-j  (t-x ) 


which  may  be  written  as 

c(t,x)  =  (^+q)  +  (ai+^0.14  0.2+  0.3^al^'e 

-k3(t-x) 


+a^(l -e 


x  x 

)] 


-Mt-x) 
J+o^O-e  ) 


(2.16a) 


where  a  value  of  m  =  3  is  used. 

Separating  the  variables  t,  x  and  collecting  terms  the  com¬ 
pliance  function  may  be  written  in  the  general  form. 


.  <  f 
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C(t,x)  =  A^(t)  B^(t)  +  D(x)  (summation  convention) 

where 

kiT 

(x)  =  -a^ (x)e  (no  sum) 

-k.t 

B1(t)  =  e  1 

D(t)  =  l  ai  (t)  +  jfyy 


The  instantaneous  compliance  1/E(x)  decreases  hyperbol ical ly 
with  time,  tending  to  a  value  q  at  infinite  time.  The  terms  a^ (x)  are 
the  functions  which  account  for  the  reduced  response  with  increasing 
age  at  loading.  For  a  unit  stress  applied  at  time  x  this  form  of  com¬ 
pliance  function  implies  that  the  strain  tends  to  a  finite  value  at 

(25) 

infinite  time.  Alternative  forms  of  the  compliance  functionv  1  sug¬ 
gest  that  creep  strains  increase  indefinitely.  From  a  practical  point 
of  view,  creep  strains  beyond  a  few  years  are  not  generally  required 
and  the  difference  between  the  two  types  of  function  may  be  made 
negligibly  small  in  this  time  range ^0). 

The  twelve  constants,  p,  q,  a-j ,  a^,  a^,  a-j ,  c^,  a^,  , 

and  k^  may  be  obtained  from  standard  creep  test  data  using  a  least 
squares  curve  fitting  technique,  the  details  of  which  are  given  in 
Appendix  B. 

2.4.2  Plane  Stress 

A  generalization  of  the  time  dependent  constitutive  relation 
to  two  dimensions  requires  a  knowledge  of  Poisson's  ratio  for  creep. 

In  this  investigation  it  is  assumed  that  Poisson's  ratio  applied  to 


■ 
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total  stress  produced  strains  is  constant  with  time.  Available  experi¬ 
mental  data^*^  would  suggest  that  this  is  not  an  unreasonable 
assumption. 

The  creep  shear  compliance  w(t,x)  is  related  to  the  uniaxial 
compliance  by^ 

w(t jT )  =  2(1  +  vc)  C (t »t )  (2.17) 

The  two  dimensional  constitutive  relation  may  therefore  be 
expressed  as 


^(t)  • 

<£y(t> 

►  = 

>(t). 

-v 


-v 


2(l+v_)I 


rox(t)  ' 


^ay(x) 


(t) 


c'  j  L  xy'  -j 


(2.18) 


0 

where  I  represents  the  operator  C(t,x)—  .  dx. 

Jo  31 


c 

Adding  shrinkage  strains {e  (t)}  to  stress-produced  strains, 
the  total  strain  at  time  t  may  be  written  in  the  form, 


^(t)' 

eS(t)' 

>  =  < 

r  +  < 

eS(t)> 

>(tl 

V0Xy(t) 

0 

=  {e°(t) }  +  { £S (t ) } 


or,  {eT(t)> 


(2.19) 
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2.4.3  Numerical  Integration  Procedure 

In  general,  although  the  loading  history  for  a  structure  may 
be  specified,  the  corresponding  stress  history  will  be  unknown  because 
of  the  gradual  transfer  of  stress  from  concrete  to  steel.  To  evaluate 
the  stress  and  strain  histories  under  a  given  applied  loading,  a  numeri¬ 
cal  integration  technique  developed  by  Selna^^  for  the  uniaxial  stress 
condition  has  been  extended  to  two  dimensions  for  the  plane  stress  case. 

The  derivation  of  the  method  is  given  in  Appendix  A  where  it 
is  shown  that  the  total  strain  vector  at  time  t  +  At  may  be  written  in 
the  form 

{ eT(t+At) }  =  {eE(t+At)>  +  {e1 (t+At) }  (2.20) 

where  eE(t+At)  represents  the  instantaneous  elastic  strains  and  e*(t+At) 
represents  the  inelastic  strains  which  include  creep  and  shrinkage 
strains  developed  up  to  time  t  +  At.  The  detailed  expressions  for 
{ (t+At) }  are  given  in  Equations  A13,  A14  and  A15. 

The  main  advantage  of  the  numerical  integration  technique 
used  is  that  the  vector  e*(t+At)  may  be  determined  from  quantities 
stored  from  the  two  previous  time  steps  t  and  t  -  At.  This  is  possible 
because  the  variables  t  and  x  may  be  separated  in  the  compliance  func¬ 
tion.  For  a  more  general  form  of  the  compliance  function  it  is  neces¬ 
sary  to  store  the  complete  stress  history  from  the  first  application 
of  load  since  the  compliance  function  contains  the  upper  limit  of  inte¬ 
gration  in  the  superposition  integral.  In  terms  of  the  uniaxial  stress 
condition  and  a  series  of  stepwise  stress  increments  the  total  stress- 
produced  strain  at  time  t  may  be  evaluated  from 


23 


e<X>  =  ?c«Wtoj  <2-21> 

J 

It  is  apparent  that  for  each  time  t  ,  each  stress  increment 
Aoj  must  be  multiplied  by  the  specific  compliance  corresponding  to  t  . 
It  is  thus  necessary  to  store  Aa .  for  all  j.  A  numerical  scheme  in 

J 

which  it  is  necessary  to  store  the  complete  stress  history  is  presented 
by  Ghali,  Dilger  and  Neville^^. 

2.4.4  Shrinkage 

Shrinkage  strains  are  known  to  vary  throughout  the  thickness 
of  a  concrete  member.  A  mathematical  model  of  diffusion  has  been 
developed  by  Bresler,  Helmich  and  Ramakrishna^^  to  include  the  effect 
of  a  non-uniform  shrinkage  distribution  on  the  behaviour  of  reinforced 
concrete  columns. 

In  the  present  analysis  where  the  slab  is  divided  into  a  set 
of  layers  it  would  be  possible  to  arbitrarily  specify  the  value  of 
shrinkage  strain  from  layer  to  layer.  However,  for  simplicity, 
shrinkage  strains  are  assumed  to  be  uniformly  distributed  throughout 
the  slab.  Since  shrinkage  tends  to  occur  more  rapidly  at  the  surface 
of  a  concrete  member  this  assumption  neglects  the  restraining  effect 
of  the  interior  concrete  on  the  relative  movement  at  the  exterior 
surface.  However,  this  effect  is  less  marked  for  thin  members  such 
as  slabs  than  for  massive  concrete  structures  and  the  assumption  of 
uniform  shrinkage  is  considered  to  be  a  reasonable  first  approximation 
to  the  actual  distribution  of  shrinkage  strains  in  a  slab. 

2.5  Evaluation  of  Creep  and  Shrinkage  Properties 

The  standard  procedure  for  obtaining  creep  data  for  a 
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particular  concrete  is  to  measure  the  strain  variation  with  time  on  an 
axially  loaded  cylinder  under  constant  stress.  Shrinkage  strains  are 
obtained  from  measurements  in  a  companion  cylinder  with  no  applied 
stress.  The  creep  strains  due  to  stress  are  obtained  by  subtracting 
these  shrinkage  strains  from  the  total  strain  obtained  in  the  creep 
test. 

Several  experimental  investigations  (eg.  Troxell  ,et  al.^8^ ) 
have  been  reported  in  the  literature  describing  the  effects  of  dif¬ 
ferent  parameters  on  creep  and  shrinkage  of  concrete. 

In  Europe,  the  Comite  Europeen  du  Beton  (C.E.B.)  has  pre¬ 
sented  expressions  based  on  available  experimental  data  for  the  evalua¬ 
tion  of  creep  and  shrinkage  strains^).  These  expressions  have  been 
used  to  evaluate  creep  and  shrinkage  curves  for  use  in  the  present 
investigation  and  are  discussed  below. 


2.5.1  Creep  Coefficients 

Creep  strains  are  obtained  from  the  following  expression. 


(t)  = 


E(28T 


•  4>i 


(2.22) 


=  kc  kd  kb  ke  kt 


where 

E(28)  =  Modulus  of  elasticity  at  28  days 
and  o  =  constant  applied  stress 

The  coefficients  from  which  <j>t  is  obtained  are  presented 
graphically  in  reference  (43)  and  represent  the  effects  of  various 
parameters  on  the  creep  characteristics.  These  parameters  are 

k  =  f( relative  humidity) 
c 

k  ,  =  f(age  at  loading) 


. 
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k,  =  f (water/ cement  ratio  — ) 
ke  =  f(theoretical  thickness) 
kt  =  f(duration  of  load) 

The  modulus  of  elasticity  at  j  days  is  expressed  in  terms  of 
the  compressive  strength  by, 

E(j)  =  66,000  /f^UT  (2.23) 

where  E  and  f'  are  expressed  in  p.s.i. 

The  theoretical  thickness  is  defined  as  the  area  of  the  cross 
section  divided  by  the  semi -perimeter  and  for  slabs  may  be  taken  equal 
to  the  actual  thickness.  To  obtain  the  total  strain  at  time  t,  the 
instantaneous  strain  on  application  of  load  is  added  to  the  creep  strain 
computed  above. 

It  is  thus  possible  to  construct  a  series  of  creep  curves  for 
a  sustained  load  applied  at  different  times.  For  the  purpose  of  this 
investigation  creep  curves  for  three  different  concretes  were  constructed 
and  designated  Cl,  C2,  and  C3.  The  parameters  k  ,  k,  and  k  applicable 
to  each  of  the  curves  are  presented  in  Table  2.1.  Cl  and  C2  were  used 
for  the  parameter  study  described  in  Chapter  5  where  Cl  is  intended  to 
represent  conditions  under  which  creep  strains  will  be  considerably 
greater  than  for  average  conditions  which  are  considered  to  be  repre¬ 
sented  by  C2.  Curve  C3  was  obtained  for  use  in  chapter  4  where  the 
analytical  model  is  applied  to  examples  of  reinforced  concrete  beams 
for  which  experimental  results  are  available. 

The  first  step  in  evaluating  the  constants  in  the  compliance 
function  (Equation  2.16)  is  to  evaluate  the  instantaneous  elastic 
modulus  defined  in  Equation  2.16  by 
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eitt  =  f  +  q  (2-24) 

For  each  concrete  E(t)  was  computed  for  two  values  of  t  and 
inserted  in  Equation  2.24.  The  resulting  equations  were  then  solved 
for  p  and  q. 

In  the  case  of  Cl  and  C2  the  two  values  of  E(x)  were  obtained 
from  Equation  2.23  in  which  f^  was  related  to  the  w/c  ratio  as  a  func¬ 
tion  of  time  from  curves  given  by  McIntosh^).  For  C3  the  instant¬ 
aneous  modulus  was  obtained  from  the  published  experimental  results 
for  two  different  times.  Table  2.2  presents  the  two  values  used  in 
each  case  and  the  resulting  values  for  p  and  q. 

For  each  concrete,  three  loading  times  were  used,  7  days,  28 
days  and  90  days.  The  instantaneous  elastic  strain  per  unit  stress  for 
each  loading  time  was  computed  from 

eE(x)  =  1/E(t) 

and  the  creep  strains  corresponding  to  each  loading  time  were  computed 
from  Equation  2.22.  Adding  the  two  strains  together,  three  creep 
curves  were  obtained  for  each  concrete.  Using  the  least  squares  curve 
fitting  technique  described  in  Appendix  B,  the  remaining  10  constants 
in  Equation  2.16  were  obtained.  Table  2.3  presents  the  12  constants 
required  in  the  compliance  function  for  each  concrete  and  the  compli¬ 
ance  curves  are  shown  in  Figures  2.7  and  2.8. 

2.5.2  Shrinkage  Coefficients 

Shrinkage  strains  are  obtained  from  the  expression 

e  (t)  =  e  k,  k  k  k. 

s  c  b  c  p  t 


(2.25) 
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where  k^,  kc,  k^  are  the  same  as  for  the  creep  expression 

kp  =  f (longi tudinal  reinforcement)  =  1.0  for  plane  concrete 
ec  =  ve  humidity) 

Shrinkage  curves  for  the  three  concretes  Cl,  C2  and  C3  are  given  in 
Figure  2.9  as  well  as  an  experimental  shrinkage  curve  given  by 
Troxell^48). 

2.6  Summary 

The  constitutive  relations  for  a  layer  of  reinforced  concrete 
under  plane  stress  have  been  developed  to  include  the  effects  of  crack¬ 
ing  and  time  dependent  strains.  To  represent  the  behaviour  after 
cracking  concrete  is  treated  as  a  bimodular  material  for  which  the 
modulus  of  elasticity  in  tension  may  be  different  from  that  in  com¬ 
pression.  With  respect  to  time  dependent  behaviour,  concrete  is  con¬ 
sidered  to  be  an  ageing  linear  visco-elastic  material  which  exhibits 
shrinkage.  A  numerical  integration  procedure  is  described  which  allows 
the  strain  history  to  be  evaluated  for  an  applied  stress  history,  and 
creep  and  shrinkage  characteristics  for  three  different  concretes  have 
been  evaluated  for  use  in  this  investigation. 


• . 


Concrete 

R.H.% 

kc 

w/c 

kb 

ke 

Cl 

50 

2.85 

0.60 

1.18 

1.0 

C2 

70 

2.30 

0.45 

0.8 

1.0 

C3 

70 

2.30 

0.60 

1.18 

1  .0 

TABLE  2.1  PARAMETERS  FOR  EVALUATION  OF  CREEP  STRAINS 
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Concrete 

Younq 's 

Modulus-P 

.S.I.xlO6 

Coeffs-Eq.  2.24-1 /(P.S . I .xIO6) 

E(14) 

~El28 ] 

EI9TT 

P 

q 

Cl 

- 

3.84 

4.34 

0.77 

0.1843 

C2 

- 

4.72 

5.18 

1.20 

0.2172 

C3 

2.675 

2.945 

- 

0.95972 

0.30528 

TABLE  2.2  VALUES  OF  INSTANTANEOUS  MODULUS 
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FIGURE  2.1  ELEMENT  FROM  REINFORCED  CONCRETE  LAYER  CONTAINING  CRACKS 
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FIGURE  2.2 


BIAXIAL  STRENGTH  OF  CONCRETE 
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FIGURE  2.3  STRESS  STRAIN  DIAGRAM  FOR  PLANE  CONCRETE  IN  TENSION 
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(a)  CRACKING  IN  MEMBER  UNDER  UNIAXIAL  TENSION 


STRAIN 


FIGURE  2.4  TENSILE  STRESS  IN  REINFORCED  CONCRETE 
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CRACKS 


(a)  CRACKING  BEHAVIOUR  OBSERVED  BY  MORLEY  (ref.  40 ) 


CRACKS 


(b)  CRACKING  PATTERNS  OBSERVED  BY  NAWY  (ref.  41 ) 


FIGURE  2.5  CRACKING  IN  REINFORCED  CONCRETE 


SPECIFIC  COMPLIANCE 
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FIGURE  2.6  COMPLIANCE  CURVE  FOR  AGEING  CONCRETE 
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FIGURE  2.7  COMPLIANCE  CURVES  FOR  Cl  and  C2 
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FIGURE  2.8  COMPLIANCE  CURVES  FOR  C3 
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FIGURE  2.9  SHRINKAGE  CURVES 
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CHAPTER  3 

METHOD  OF  ANALYSIS 


3.1  Introduction 

In  order  to  perform  a  structural  analysis  it  is  necessary  to 
define  a  mathematical  model  which  simulates  as  accurately  as  is 
required,  the  actual  behaviour  of  the  structure.  Such  a  model  gener¬ 
ally  requires  assumptions  regarding  the  geometry  of  the  structure, 
boundary  conditions,  and  load  deformation  response  or  constitutive 
relations.  Once  the  model  has  been  defined  the  conditions  of  equil¬ 
ibrium  and  compatibility  of  deformations  must  be  satisfied. 

(18) 

Reinforced  concrete  slabs  have  generally  been  analyzed^  1 

(47) 

on  the  basis  of  classical  small  deflection  plate  bending  theoryv  1 
assuming  the  material  to  be  linear  elastic,  homogeneous  and  isotropic, 
thereby  neglecting  the  effects  of  cracking,  reinforcement  and  time 
dependent  behaviour.  The  assumptions  used  in  this  thesis  concerning 
material  properties  have  been  described  in  Chapter  2.  On  the  basis  of 
these  constitutive  relations,  the  general  method  of  analysis  is  des¬ 
cribed  in  this  chapter.  The  analysis  is  based  on  the  finite  element 
method  applied  to  plate  bending.  A  major  advantage  of  this  approach 
over  other  methods  is  that  material  properties  may  be  varied  from 
element  to  element.  The  analysis  is  therefore  able  to  take  into  account 
variations  in  reinforcement  in  the  slab  as  well  as  the  effects  of  crack¬ 
ing  in  the  highly  stressed  regions.  The  initial  strain  method^6 
is  used  for  time-dependent  behaviour. 

3.2  Plate  Bending  Theory  Applied  to  Slabs 

(47) 

Classical  small  deflection  plate  bending  theoryv  '  assumes 


41 


that  the  material  is  linear  elastic  homogeneous  and  isotropic  and  that 
the  strain  developed  at  the  mid-surface  may  be  neglected  for  trans¬ 
verse  loading  so  that  the  net  force  developed  in  the  plane  of  the  plate 

is  zero.  The  corresponding  theory  of  anisotropic  plates  developed  by 
(321 

Lekhni tskii v  1  assumes  that  material  properties  are  symmetrical  with 
respect  to  the  mid-surface  in  which  case  the  strains  in  the  mid-surface 
may  be  neglected  and  the  net  force  in  the  plane  of  the  plate  is  again 
zero. 

Reinforced  concrete  slabs  do  not  in  general  have  such  a 
"neutral"  mid-surface  due  to  the  presence  of  cracking  and  unsymmetrical 
reinforcement  layouts.  The  assumptions  used  in  formulating  the  problem 
must  therefore  be  modified.  The  Kirchhoff  assumption  that  normals  to  a 
surface  remain  normal  after  deformation  is  retained  and  the  constitu¬ 
tive  relations  are  considered  to  represent  an  orthotropic  material  but 
may  vary  throughout  the  plate.  Appendix  E  describes  the  general  formu¬ 
lation  for  coupling  between  in-plane  and  out-of-plane  behaviour  for 
small  deflections.  For  the  purposes  of  the  analysis  developed  in  this 
work,  it  is  assumed  that  the  net  in-plane  force  on  any  cross  section  is 
zero.  This  assumption  implies  that  restraint  to  shrinkage  is  supplied 
only  by  the  reinforcement  and  that  in-plane  restraints  applied  at  the 
boundary  and  by  adjacent  slab  segments  may  be  neglected. 

Figure  3.1(a)  shows  the  coordinate  system  defining  the  unde¬ 
formed  configuration  of  the  plate.  The  x  and  y  axes  lie  on  the  top 
surface.  Figure  3.1(b)  shows  the  elevation  of  a  small  element  of  the 
plate  in  the  x,z  plane  before  and  after  deformation  where  the  points 
A  and  B  take  up  the  positions  A'  and  B'.  From  the  Kirchoff  assumption 
the  displacements  of  the  line  AB  may  be  defined  in  terms  of  the 


•- 


. 
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displacement  of  any  point  on  AB  and  the  slope  of  the  reference  surface, 
u  =  u(x,y,z)  =  uQ(x,y)  +  (dnx(x,y)-z)  |- 

v  =  v(x,y,z)  =  vQ(x,y)  +  (dny(x,y)-z)  (3.1) 

w  =  w(x,y,z)  =  w(x,y) 


where  d^x  and  d  represent  the  depths  corresponding  to  uQ  and  vQ 
respectively  and  are  not  necessarily  the  same.  The  strain  displacement 
relations  may  be  written  as, 
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Although  uQ  and  vQ  represent  displacements  which  may  be  at 

different  depths,  d  and  d  respectively,  the  expression  for  y  is 

n  x  ny  xy 

linear  with  respect  to  the  depth  and  may  therefore  be  re-written  in 
the  form 
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xy 
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where  yoxv  represents  the  shear  strain  at  an  arbitrary  depth  d  . 

These  equations  for  strain  may  be  written  as  a  single  matrix 

equati on 


{ e }  =  { £Q }  +  [N]  {<} 


(3.2) 


where 
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and 


{£}  = 

< 

v  y  Y 

{eo}  - 

< 

eox’  eoy* 

{k>  = 

< 

v  y 

_ 

<• 

32W  ,  32W 

3X 


By 


BxBy 


T 

> 


[N] 


Defining  dnx)  dny  and  dnxy  such  that  eQX  =  cQy  =  yQxy  »  0,  Equation 
(3.2)  becomes 


(e)  =  [N]  {k}  (3.3) 

The  plane  stress  constitutive  relations  for  an  orthotropic 
material  may  be  written  as  (Equation  2.12), 
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or  in  matrix  form 

{a}  =  [C]  { e }  =  [C]  [N]  {<}  (3.4) 


The  assumption  that  no  in-plane  forces  are  developed  in  the  plane  of 
the  plate  requires  that. 
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To  allow  for  a  variation  in  elastic  constants  with  depth  the 
slab  is  considered  as  a  series  of  layers.  The  constitutive  matrix  may 
vary  from  layer  to  layer  but  is  considered  to  be  constant  within  the 
layer.  Figure  3.2  shows  an  element  of  a  reinforced  concrete  slab 
represented  as  a  layered  plate.  Layers  of  concrete  are  numbered  con¬ 
secutively  from  top  to  bottom  and  the  constitutive  matrix  for  layer  i 
is  represented  by  [C]. , 


Exi 
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(3.6) 


Making  the  simplifying  assumption  that  G 


xy 


is  constant  over 
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the  depth  (see  Section  2.3)  it  is  apparent  that  Equation  (3.5)  requires 


that  d 


nxy 


d 

2  ‘ 


For  complete  symmetry  of  elastic  constants  with  respect  to 
the  mid  surface,  dnx  and  d  are  also  defined  by  dnx  =  d  =  d/2. 

V  V 

However,  for  the  general  case  of  unsymmetrical  elastic  constants,  it  can 

be  seen  from  Equation  (3.5)  that  d^,  and  d„  are  coupled  with  the  curva- 

tures  k x  and  k  .  This  coupling  is  due  to  the  Poisson's  ratio  terms.  In 

reinforced  concrete  slabs,  the  amount  of  reinforcement  is  usually  small 

so  that  for  uncracked  sections  even  if  the  reinforcement  is  placed 

unsymetrical ly  with  respect  to  the  mid  surface,  the  Poisson's  ratio 

effect  on  d„  and  d^  will  be  small.  For  a  cracked  section  Poisson's 
nx  ny 

ratio,  which  for  uncracked  concrete  lies  in  the  range  0.1  to  0.2  drops 

to  a  value  approaching  zero  over  a  large  part  of  the  depth.  The  coupling 

terms  therefore  have  a  reduced  effect.  Since  curvatures  are  unknown  at 

the  beginning  of  the  analysis,  an  iterative  procedure  would  be  required 

to  evaluate  d  and  d  exactly.  However,  since  the  coupling  due  to  the 

Poisson's  ratio  effect  will  be  weak,  for  the  purposes  of  this  analysis 

dnx  and  d  are  computed  assuming  Poisson's  ratio  equal  to  zero.  In 

this  case  d  and  d  simply  define  the  centroid  of  transformed  area  on 
nx  ny  r  J 

the  x  and  y  faces  respectively  and  are  computed  as  follows. 
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ny 


where  A  and  A  represent  transformed  cross-sectional  areas  per  unit 
x  y 

length  in  the  x  and  y  directions  respectively  and  are  obtained  from. 
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•  ^  “xi^zi+l  “  zi'  +  (Atx  +  Abx^ 


Ay  ^  ayi(zi+l  '  zi)  +  (Aty  +  Aby} 


If  dnx  and  d  are  evaluated  as  above,  Equation  (3.5)  is 
approximately  satisfied  and  in  subsequent  development  it  is  assumed 
that. 


rd 
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Moments  and  twist  per  unit  length  may  now  be  evaluated  from, 
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which  may  be  expressed  in  matrix  form  as 


rd 


{M}  = 


[N]  [C][N]dz  {k} 


=  [D]  {<} 


(3.9) 
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The  elements  of  [D]  may  be  obtained  by  layer  integration 
from  the  following  expressions. 
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given  by 


The  governing  equation  for  bending  of  an  orthotropic  plate  is 
(47) 


4  4  4 

n  3 W  ,  0 / n  .on  \  3  W  n  3 W  _ 

n  ax4  (  12  3s)3xV  22  7*  '  q 


(3.11) 


For  the  case  in  which  the  elements  of  [D]  vary  with  x  and  y, 
a  closed  form  solution  of  Equation  (2.11)  becomes  difficult  if  not 


OTfSdW 
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impossible.  In  addition  cracked  regions  will  not  in  general  be  known 
at  the  beginning  of  the  analysis  so  that  an  iterative  solution  is 
required  for  the  evaluation  of  [D] . 

The  finite  element  approach  is  ideally  suited  to  this  type 
of  problem  since  material  properties  may  be  easily  varied  from  element 
to  element  and  if  required,  within  each  element.  An  iterative  proce¬ 
dure  for  cracking  may  also  be  programmed  for  the  computer. 

3.3  Plate  Bending  Element-Elastic  Response 

In  terms  of  the  displacement  method  of  analysis  the  finite 
(531 

element  methodv  '  may  be  considered  as  a  means  of  expressing  the 
unknown  continuous  displacement  function  approximately  in  terms  of  a 
linear  combination  of  assumed  shape  functions.  The  multiplying 
parameters  are  the  displacement  degrees  of  freedom  at  the  nodes. 

The  problem  may  then  be  formulated  in  terms  of  a  set  of  algebraic 
equations  rather  than  differential  equations.  The  accuracy  of  the 
solution  compared  with  the  "exact"  solution  generally  depends  on  how 
closely  the  assumed  displacement  function  can  represent  the  actual 
function. 

The  finite  element  method  has  been  applied  extensively  to  the 
problem  of  plate  bending  and  much  effort  has  been  expended  on  the 
development  of  plate  bending  elements  and  evaluation  of  convergence 
criteria.  A  survey  of  work  done  in  this  field  is  given  by  Gallagher 
The  element  used  in  this  analysis  is  the  sixteen  degrees  of 
freedom  rectangular  element  developed  by  Bogner,  Fox  and  Schmit^1^. 
This  element  was  chosen  because  of  its  excellent  convergence 
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characteristics  and  because  only  slabs  which  are  rectangular  in  plan 
are  considered.  The  general  method  of  analysis  however  is  independent 
of  the  particular  element  used. 


The  transverse  displacement  function  w(x,y)  within  each 


element  is  represented  by  a  combination  of  Hermitian  interpolation 
functions  which  express  w(x,y)  in  terms  of  four  nodal  degrees  of  free¬ 
dom  at  each  corner  of  the  element.  Satisfaction  of  compatibility 
requirements  at  each  node  ensures  complete  inter-element  kinematic 
compatibility  along  the  edges  of  all  elements.  In  addition,  all  con¬ 
stant  strain  states  (curvature  and  twist)  are  represented. 


Figure  3.3  shows  a  rectangular  element  with  sides  of  length 


'a'  in  the  x  direction  and  ' b 1  in  the  y  direction.  The  degrees  of 
freedom  at  each  node  ij  are, 


transverse  displacement 


slope  in  the  x-di recti  on 

o  X  1  J 


slope  in  the  y-di recti  on 


twist 


In  terms  of  the  non-dimensional ized  coordinates  K  s  t  and 

a 


n  =  the  displacement  function  may  be  written  as, 


w(s  ,n) 
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where 

=  2s3  -  3s2  +  1 

H02)(s) 

=  -2s3  +  3s2 

(3.13) 

Hjjhs) 

=  s3  -  2s2  +  s 

(s) 

-  s3-s2 

The  form  of  each  function  in  Equation  (3.13)  is  shown  in 
Figure  3.3. 

Writing  the  set  of  nodal  degrees  of  freedom  as  a  column  vector 
{r}  given  by 

{r}T  =  <  wu  w>xl1  w>yll  w>xy]1  w12  WjXl2  w>yl2  w>xyl2 

w22  w,x22  w,y22  W,xy22  W21  w,x21  w,y21  w,xy21  > 

and  the  combinations  of  interpolation  functions  as  a  row  vector  «$>>  , 
in  which  the  components  are  functions  of  ?  and  n,  results  in, 

wU,n)  =  «}>>  {r>  (3.14) 

By  differentiation,  curvatures  and  twist  are  obtained, 

{<}  =  [B]  {r}  (3.15) 

and  the  strain  distribution  through  the  thickness  may  be  written  from 
Equation  (3.3)  as 

{ £ }  =  [N]  (k)  =  [N][B]  { r}  (3.16) 

The  principle  of  minimum  potential  energy  requires  that  the 
total  potential  be  a  minimum  for  an  equilibrium  configuration.  The 
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total  potential,  n,  is  given  by. 


n  =  e  +  W 


(3.17) 


where  z  represents  the  strain  energy  and  W  the  potential  of  the  applied 
forces.  The  strain  energy  may  be  written  as. 


E  =  \ 


{o}'  {e}  dV 


(3.18) 


Substituting  for  { e }  and  {a}  using  Equations  (3.4),  (3.9)  and  (3.16), 


E  =  2 


A 


{r}T[B]T[D][B]dA{r} 


(3.19) 


The  potential  of  the  external  forces  may  be  obtained  from, 


N  =  - 


qU»n)  *  w(^,n)  dA 


Substituting  from  Equation  (3.14), 
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where  {R} 


q(C  »n)(4> }  dA 


(3.21) 


and  may  be  considered  to  represent  the  vector  of  work-equivalent 
generalized  forces  corresponding  to  the  vector  { r} . 

To  minimize  n. 


an 

3  { r}T 


=  0 


(3.22) 


which  yields 


52 


A 


[B]  [D][B]  dA  •  {r}  =  {R} 


(3.23) 


or. 


[k]  (r)  =  {R} 


(3.24) 


where 


[k]  = 


A 


[B]  [D][B]  dA  represents  the  element  stiffness 


matrix.  Explicit  expressions  for  [k]  are  given  in  reference  (10)  for 
a  linear  elastic,  homogeneous  and  isotropic  plate  element  and  reference 
(26)  presents  expressions  for  an  anisotropic  plate  element  (all  ele¬ 
ments  of  [D]  non-zero  in  general).  For  the  purposes  of  this  investiga¬ 
tion  a  subroutine  was  written  to  generate  the  elements  of  the  stiffness 
matrix  for  an  orthotropic  plate  element.  The  input  required  for  this 
subroutine  consists  of  the  matrix  [D],  the  lengths  of  the  sides  of  the 
element  and  the  coefficients  of  the  functions  represented  by  the  matrix 
[B].  Details  of  the  subroutine  are  presented  in  Appendix  C  along  with 
expressions  for  the  load  vector  { R} . 

(42) 

The  standard  procedures  of  matrix  structural  analysisv  '  are 
now  followed  in  assembling  the  structure  stiffness  matrix  and  load 
vector,  for  the  complete  structure  treated  as  a  free  body,  to  form  the 
equations 


[K1]  {A1}  =  (P 1 } 


(3.25) 


In  order  to  obtain  a  solution,  the  equations  must  be  modified 
for  the  prescribed  boundary  conditions  to  form  the  equations, 

[K]  (A)  =  {P}  (3.26) 

where  {a}  represents  the  set  of  unknown  degrees  of  freedom.  The  equa¬ 
tions  are  solved  by  a  Gauss  elimination  procedure  utilizing  the  banded 
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symmetric  form  of  [K]. 

3.4  Computation  of  Elastic  Constants  for  a  Layer 

In  Section  2.3.2,  the  use  of  a  stepped  stress-strain  diagram 
to  account  for  the  tensile  stiffening  effect  of  concrete  between  cracks 
was  discussed.  The  application  of  this  concept  to  the  iterative 
analysis  for  cracking  is  now  described. 

For  each  layer  it  is  necessary  to  record  the  current  branch 
of  the  stress  strain  diagram  defining  the  tensile  elastic  constants  in 
the  layer.  This  is  accomplished  by  means  of  a  "memory  function"  6, 
which  is  assigned  a  different  value  for  each  branch  of  the  diagram.  The 
procedure  for  specifying  the  elastic  constants  in  a  layer  for  each  cycle 
of  the  iteration  procedure  is  illustrated  by  the  flow  chart  in  Figure 
3.4(b)  which  is  written  for  a  stress  strain  diagram  with  N  branches. 

A  stress  strain  diagram  with  4  branches  is  shown  in  Figure  3.4(a). 

At  the  beginning  of  the  analysis,  all  layers  are  assumed  to 
be  uncracked,  in  which  case,  6  =  ax  =  a  =  a-,  =  1 .  At  a  subsequent 
stage  in  the  iterative  procedure  the  principal  stresses  o-j  and  a 2  are 
computed  for  the  layer  using  elastic  constants  associated  with  the  6 
established  in  the  previous  cycle.  The  principal  stresses  are  compared 
with  the  limiting  tensile  stress  corresponding  to  6  =  i .  If  the 
limiting  stress  is  exceeded  by  either  a-j  or  the  tensile  elastic  con¬ 
stants  are  modified  to  correspond  to  the  next  lower  branch  on  the  dia¬ 
gram.  The  elastic  constants  for  either  the  x  or  y  direction  are  modi¬ 
fied  only  if  the  corresponding  normal  stress  is  tensile. 

The  variable  REPEAT  which  is  set  equal  to  zero  at  the  begin¬ 
ning  of  each  cycle  is  set  equal  to  1  which  signifies  that  another 
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iteration  cycle  will  be  required  for  the  new  elastic  constants.  For 
each  iteration  cycle,  the  elastic  constants  are  examined  in  each  layer 
at  each  corner  of  each  element.  The  correct  cracked  configuration  is 
attained  when  no  further  modification  of  elastic  constants  takes  place. 


3.5  Analysis  for  Cracking 

Equation  (3.10)  presents  the  expressions  for  the  evaluation 
of  the  plate  bending  stiffness  coefficients  D. •  at  a  point  x,y  in  the 

*  J 

plate.  The  evaluation  of  the  elastic  constants  throughout  the  depth 
is  accomplished  by  the  method  described  in  Section  3.4.  It  now  remains 
to  evaluate  [D]  =  [D(x,y)]  for  use  in  Equation  (3.19)  which  is  written 
for  an  arbitrary  variation  of  [D]  over  the  area  of  the  element. 

Several  methods  might  be  envisaged  for  evaluating  [D].  The 
simplest  means  would  be  to  evaluate  the  stress  conditions  at  the  centre 
of  the  element,  modify  the  elastic  constants  if  necessary  and  compute 
the  resulting  [D]  matrix.  The  values  thus  obtained  could  be  considered 
to  be  constant  over  the  area. 

Alternatively,  [D]  could  be  evaluated  at  the  corner  of  the 
element  from  the  stress  conditions  at  these  points.  The  choice  then 
remains  as  to  how  the  variation  is  to  be  assumed  over  the  area.  By 
the  use  of  interpolation  functions^^ ,  a  linear  variation  may  be 
assumed  with  each  term  in  the  matrix  written  in  the  form 


r 


< 


D^j(x,y)  -  <  > 


•- 
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(k) 

where  «p~>  represents  a  set  of  linear  interpolation  functions  and  D^.' 
represents  D. .  evaluated  at  node  k.  An  alternative,  simpler  procedure 

'  J 

and  the  one  chosen  for  this  analysis  is  to  take  the  average  of  the 
nodal  values, 

Dij  ■  1  j,  DS}  (3-27) 

and  insert  the  resulting  [D]  matrix  in  Equation  (3.22).  Since  the 
assumed  displacement  function  is  cubic  in  x  and  y,  the  strain  distribu¬ 
tion  over  an  element  will  be  linear  and  the  maximum  stress  values  will 
occur  at  the  corners.  It  is  therefore  possible  that  cracking  detected 
at  the  corner  of  an  element  may  not  be  detected  for  stress  conditions 
evaluated  only  at  the  centre. 

The  steps  required  in  the  iterative  procedure  for  cracking 
may  be  summarized  as  follows: 

1.  Divide  the  slab  into  a  number  of  rectangular  finite 
elements.  The  location  of  the  element  is  defined  by  the  x  and  y 
coordinates  of  the  four  corners  (Figure  3.3). 

2.  At  the  corner  of  each  element,  divide  the  slab  into  a 
number  of  layers  (Figure  3.2).  The  number  of  layers  may  vary  from 
corner  to  corner  but  will  usually  be  the  same  throughout  the  slab. 

3.  For  each  layer  at  the  corner  of  each  element,  set  the 
cracking  coefficients  equal  to  unity  (i.e.  assume  the  slab  to  be 
uncracked) . 

4.  Compute  dnx  and  at  the  corner  of  each  element 
(Equation  3.7) . 

5.  Evaluate  [D]  at  the  corner  of  each  element  (Equation  3.10). 

6.  Evaluate  the  average  [D]  for  each  element  (Equation  3.27). 
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7.  Evaluate  the  element  stiffness  matrix  (Equation  3.24)  for 
each  element  and  assemble  the  structure  stiffness  matrix. 

8.  Compute  the  contribution  of  each  element  to  the  applied 
load  vector  (Equation  3.21)  and  assemble  the  load  vector  for  the 
structure. 

9.  Modify  the  assembled  equations  (Equation  3.25)  for  the 
given  boundary  conditions  and  solve  the  resulting  set  (Equation  3.26) 
for  the  unknown  displacements. 

10.  At  the  corner  of  each  element,  compute  curvatures  and 
twist  (Equation  3.15)  and  the  strain  distribution  throughout  the  depth 
(Equation  3.16). 

11.  Check  the  stress  conditions  in  each  layer  for  further 
cracking  by  the  procedure  described  in  Section  3.4. 

12.  If  c*x  or  a  require  modification  in  any  layer,  repeat 

V 

steps  4-11  (inclusive)  with  the  revised  values  of  the  cracking  coeffi¬ 
cients  . 

13.  If  no  further  modification  is  necessary,  the  correct 
approximate  solution  has  been  obtained  for  the  load  level  considered. 

The  iterative  procedure  is  shown  schematically  in  Figure  3.5. 
In  Figure  3.5(a),  a  load  P  greater  than  the  load  P  required  to  produce 
cracking  is  applied  to  the  structure  producing  a  deflection  <5  assuming 
no  cracking.  The  iterative  procedure  gradually  reduces  the  overall 
stiffness  to  a  value  K  at  which  no  further  cracking  is  detected.  The 

V 

resulting  deflection  is  6  .  Figure  3.5(b)  shows  the  procedure  applied 
to  incremental  loading  to  produce  a  load-deflection  curve  for  increas¬ 
ing  load  (unloading  always  takes  place  along  a  line  through  the  origin). 
The  iterative  procedure  is  carried  out  at  each  load  level. 


. 
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3.6  Time-Dependent  Strains 

The  major  difference  between  the  analysis  for  cracking  des¬ 
cribed  above  and  the  analysis  for  time-dependent  effects  is  that  for 
the  latter,  the  relationship  between  total  stress  and  total  strain  is 
a  non-linear  function  of  time.  The  time-dependent  constitutive  rela¬ 
tions  have  been  described  in  Sections  2.4.1  and  2.4.2  along  with  a 
numerical  integration  technique  (Section  2.4.4)  which  allows  the  total 
strain  at  time  t  +  At,  e^(t+At),  to  be  written  as  the  sum  of  the 
instantaneous  elastic  strain  eE(t+At)  and  the  inelastic  strain  e^t+At) 
consisting  of  creep  and  shrinkage  strains  up  to  time  t  +  At. 

U-T(t+At)}  =  {eE(t+At)>  +  {e1 (t+At) }  (3.28) 

From  Equation  (A. 18),  stress  is  related  to  elastic  strain  by  the 
instantaneous  elastic  constitutive  relation  for  time  t  +  At, 

{o(t+At) }  =  [C ( t+At) ]  { £E ( t+ At) } 

=  [C(t+At)]  { { eT(t+At) }  -  {e ^ (t+At) } }  (3.29) 

3.6.1  Initial  Strain  Method 

Any  material  or  structure  for  which  the  relationship  between 
stress  and  total  strain  is  non-linear  may  be  analyzed  by  the  initial 
strain  method^^.  Figure  3.6  shows  three  cases  for  which  initial 
stress  may  arise  in  the  material.  Figure  3.6(a)  represents  a  linear 
elastic  material  in  which  the  initial  strains  are  independent  of  stress; 
eg.  thermal,  shrinkage  or  "1 ack-of 1 fi t"  strains.  In  Figure  3.6(b) 
the  initial  strains  are  due  to  a  non-linear  stress  strain  diagram. 


. 
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Figure  3.5(c)  represents  initial  strains  due  to  creep,  where  a  constant 
stress  is  applied  at  time  t  .  The  initial  strains  are  obtained  by  pro¬ 
jecting  on  to  the  strain  axis  using  the  elastic  modulus  at  time  t-j 
which  will  be  different  from  that  at  time  tq  for  an  ageing  material. 

If  the  distribution  of  initial  strains  is  known,  a  solution 
may  be  obtained  by: 

(a)  Determining  restraining  forces,  to  prevent  all  deforma¬ 
tions  which  would  arise  from  inelastic  strains,  using  current  values  of 
the  linear  elastic  constitutive  matrix. 

(b)  Determining  the  displacements  of  the  structure  by  a 
linear  elastic  analysis  in  which  the  applied  loads  are  augmented  by  the 
negative  of  the  restraining  forces  in  (a). 

(c)  Evaluating  stresses  by  subtracting  the  initial  strains 
from  total  strains  for  use  with  the  current  linear  elastic  constitutive 
matrix. 

If  the  initial  strains  are  not  known  at  the  beginning  of  the 
analysis,  either  an  iterative  procedure  or  an  incremental  procedure  is 
required  to  evaluate  the  correct  set  of  initial  strains.  In  the  present 
case,  an  incremental  procedure  with  respect  to  time  is  used  since  the 
creep  strains  are  a  function  of  the  total  stress  history  of  the  material. 
The  formulation  of  the  procedure  may  be  carried  out  from  potential 
energy  considerations. 

Since  the  instantaneous  modulus  of  elasticity  for  concrete  is 
assumed  to  be  a  function  of  time  while  the  elastic  modulus  for  steel  is 
assumed  to  be  constant,  the  values  of  dnx  and  dp^  as  computed  by 
Equation  (3.7)  vary  with  time.  In  addition,  because  the  total  strain 
consists  of  two  components,  elastic  and  inelastic,  the  total  strains 
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eL,  and  ej ,  at  depths  dMW  and  d,  respectively  will  not  in  general  be 
ox  oy  nx  ny 


zero  if  the  constitutive  relations  are  unsymmetrical  with  respect  to 
the  mid-surface.  The  mid-surface  shear  strain  in  the  coordinate 
directions  will  however  remain  zero  since  the  shear  modulus  is  assumed 
constant  with  depth.  The  total  strains  at  depth  z  may  therefore  be 
written  as  follows,  for  time  t  +  At, 


e 


Yxy  ■  0  +  ^2  -  z>  2‘xy 


or,  in  matrix  form 


UT}  =  {ej}  +  [N]  {<} 


(3.30) 


Instantaneous  elastic  strains  may  be  expressed  as, 


e 


or,  in  matrix  form. 


{ e^}  -  {ej}  +  [N]  (k)  -  {e1} 


(3.31) 


The  strain  energy  z  may  be  written  as. 


If  t  f 

z  =  j  {a}1  {eL}  dV 


v 


{eE}T  [C]  {eE}  dV 


(3.32) 
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Substituting  from  Equation  (3.29) 


E  =  2 


{{ejl  +  [N]{<>  -  {eI}}T[C]{{eJ}  +  [N]{»c}  -  {eI}}dV 


Expanding  this  expression  and  substituting  from  Equation  (3.15), 
r  [^J}T[C]Ug}  +  {6q}T[C][N][B]{ r )  -  {Eq>[C]{e1} 


I  = 


+  \  {r)T[B]T[N]T[C][N][B]{r}  -  {eI}T[C][N][B]{r} 


+  \  {e1 }T[C]{eI }]  dV 


The  potential  of  the  external  forces  is  obtained  from  Equation  (3.16)  as. 


W  =  -{r}'  ( R> 


Minimizing  the  total  potential,  n  =  £  +  W,  yields 


[B]T[D][B]  dA  (r>  + 

teTT[C][N][B]  d V  - 

Ja  j 

v  0  J 

[B]T[N]T[C]{eI >dV  =  { R} 


(3.33) 


From  Equation  (3.5) , 
therefore  be  written  as, 

[B]T[D][B]  dV  {r}  = 


[N]  [C]  dz  =  0  and  Equation  (3.33)  may 


[B]T[N]T[C]{e 1 }  dV  +  { R} 


or 


[k]{r}  =  {Q>  +  {R} 


(3.34) 


where  [k]  represents  the  element  stiffness  matrix  evaluated  at  time 
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t  +  At  and  {Q }  represents  a  set  of  equivalent  loads  corresponding  to 
the  initial  strains  {e*}  which  exist  at  time  t  +  At  and  which  may  be 
evaluated  by  Equation  A. 18.  The  matrix  [D]  may  be  evaluated  from  the 
expressions  in  Equation  (3.10)  using  the  cross-section  and  elastic 
material  properties  corresponding  to  time  t  +  At. 

For  each  time  t,  the  structure  stiffness  matrix  and  load 
vector  are  assembled  as  in  the  elastic  analysis  except  that  in  this 
case,  the  load  vector  contains  the  set  of  equivalent  loads  correspond¬ 
ing  to  the  initial  strain  distribution.  Solution  of  the  resulting 
equations , 


[K(t+At)]  { A C t+At ) }  =  (P(t+At)}  (3.35) 

produces  the  total  displacements  at  time  t+At. 

3.6.2  Evaluation  of  Total  Strains 

The  total  displacements  {A}  obtained  from  Equation  (3.35)  are 
used  to  compute  curvatures  and  twist  by  Equation  (3.15).  To  evaluate 
total  strains  the  curvatures  and  twist  are  substituted  in  Equation  (3.30). 
However,  since  the  location  of  zero  normal  strain  on  each  cross-section 
varies  with  time  it  is  necessary  to  establish  the  values  of  the  reference 
strains  ejx,  ej  in  Equation  (3.30).  This  is  accomplished  by  ensuring 
that  no  net  force  is  developed  on  the  cross-section.  The  quantities  dnx 
and  dny  are  computed  at  each  time  step  from  Equation  (3.7)  using  the 
current  pseudo  instantaneous  elastic  constants.  For  zero  normal  stress 
resultants  at  time  t+At, 

rd 

a  (t+At)  dz  =  0 


« 


[  : 

9H  . 
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cr  (t+At)  dz  =  0 


(3.36) 


Substituting  for  concrete  stresses  from  Equation  (3.29)  and  using  the 
linear  elastic  relations  for  steel,  Equation  (3.36)  becomes. 


rd 

Ex 

J  0 

rrvvI 

rd 

vxEy 

'  0 

d-VXVy) 

rd 

^3 

1  LU 

0 

d-VxVy) 

rd 

vyEx 

J  0 

(1'vxV 

{e^  +  (d  -z)k  -  £^}  dz  + 
ox  v  nx  '  x  x 


I 


nx 


V  dz  +  .1  Fsx  ■  0 


S=1 


(3.37) 


{eoy  +  (Vz)<y 


(e‘  +  (d  -z) 


el]  dz  + 


nx  ~,Ky  ~  ex 


I  "y 

>  dz  +  l  F  =  0 

s  =  l 


where  nx,  ny  represent  the  number  of  layers  of  steel  in  the  x  and  y 
directions  respectively  and  F$x  and  Fs  represent  the  contributions 

•J 

of  steel  layers  to  the  net  stress  resultant  on  each  face 


=  A 

E 

uT  + 

(d  -d 

sx  sx 

s 

ox 

'  nx  sx 

=  A 

E 

{eT  + 

(d  -d 

sy  sy 

s 

oy 

ny  sy 

Solving  Equation  (3.37)  for  ejx  and  ej  the  total  strain 

«/ 


distribution  at  a  point  in  the  plane  of  the  slab  may  be  determined 
from  Equation  (3.30  )•  Knowing  the  total  strains  e  as  well  as  the 
inelastic  strains  e1  the  elastic  strains  may  be  obtained  by  subtrac¬ 
tion  (Equation  3.28)  and  consequently  concrete  stresses  may  be 
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computed  from  Equation  (3.29).  Steel  stresses  are  computed  using  the 
total  normal  strain  at  the  level  of  the  steel. 

Bending  and  twisting  moments  {M}  are  obtained  from  Equation 
(3.9)  by  substituting  the  computed  stresses  for  steel  and  concrete 
in  each  layer  and  integrating  over  the  depth. 

3.6.3  Computation  of  Equivalent  Load  Vector 

The  computation  of  the  vector  { Q }  of  Equation  (3.34)  may  be 
carried  out  in  several  ways  using  either  averaging  or  interpolation 
procedures.  The  method  chosen  is  similar  to  that  used  in  computing 
[D],  The  distribution  of  initial  strains  {e* }  is  computed  at  each 
corner  of  an  element  and  layer  integration  over  the  thickness  used  to 
obtain  the  quantity 


{m1}  = 


I 


[N]T[C]{ e 1 >  dz 


The  components  of  {m  }  are  computed  as  follows 
I 


m 


n  E  . 

I  — r  (dnx 

i=l  u  vxivyi ‘  nx 


m 


yi 

?  vxiEyi  fJ 

X  (1-v  .)  (dnx 

1=1  v  xi  yi ' 

n 

'xi  yi 


,  I 

2  Kzi+rV  £xi 


i+V  i'w.  -  x  I 


,1  _  v  vyi,“xi 

V  ■  ^  (T^VvTJ  (dny 


2  )(zi+Tzi)  £yi 


(zi+l+zi>  _  .  ,  I 


■»zi+rzP  exi 


n 


r  Eyi  ,  .  (zi-H+zi>.,_  .  .  I 

i=l  O-Vx^yP  "y  ‘  2  )(zi+rzi>  eyi 

n  (Zi+1+Z - )  T 

mxy  =  ^  Gxyi  Kxy  2  Y. 


I 


i+1  1 '  1 xyi 


(3.38) 


(3.39) 


where  n  equals  the  number  of  layers. 
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The  average  of  the  four  corner  values. 


{M1} 


I  (m1 

k= 


is  used  in  Equation  (3.34)  to  compute 


(3.40) 


{Q> 


[B]T  {M1}  dA 

Ja 


(3.41) 


which  represents  the  contribution  of  the  element  to  the  equivalent  load 
vector  for  the  structure.  The  elements  of  { Q }  are  given  in  Appendix  C. 


3.7  Analysis  Procedure  for  Cracking  and  Time-Dependent  Effects 

The  analysis  developed  herein  for  cracking  and  time-dependent 
effects  in  reinforced  concrete  slabs  involves  an  iterative  procedure  at 
a  particular  time  and  loading  to  determine  cracking,  and  an  incremental 
procedure  with  respect  to  time  for  the  evaluation  of  the  stress  and 
strain  history  for  a  given  load  history.  An  algorithm  for  the  itera¬ 
tive  procedure  for  cracking  has  already  been  given  in  Section  3.6  and 
this  will  now  be  extended  to  include  the  steps  required  for  the  time 
dependent  analysis. 

It  is  assumed  that  the  analysis  has  been  completed  for  time 
t  and  that  the  analysis  is  now  to  be  carried  out  for  an  increment  in 
time  At  to  time  t  +  At. 

1.  Compute  pseudo  instantaneous  modulus  for  time  t  +  At, 
E(t+At)  (Equation  A . 1 1 )  - 

2.  Compute  the  inelastic  strains  at  t  +  At  for  each  corner 
of  each  element  (Equations  A. 13,  A. 14,  A. 15). 

3.  Compute  { Q ( t+At ) }  at  each  corner  of  each  element  (Equation 


3.41). 
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4.  Using  the  elastic  constants  for  time  t  +  At  compute  [D] 
for  each  element  (Equations  3.10  and  3.27). 

5.  Evaluate  element  stiffness  matrices  [k]  (Equation  3.24). 

6.  Evaluate  the  applied  load  vector  { R)  at  time  t  +  At  for 
each  element. 

7.  Assemble  the  structure  stiffness  matrix  [K(t+At)]  and 
load  vector  P(t+At)  and  solve  the  resulting  equations  for  total  dis¬ 
placements  at  time  t  +  At  (Equation  3.35). 

8.  From  the  total  displacements  compute  curvatures  and  twist 
(Equation  3.15). 

9.  Evaluate  total  strains  at  reference  surface  to  ensure 
zero  net  in-plane  force  at  each  corner  of  each  element  (Equation  3.37). 

10.  Evaluate  concrete  stresses  (Equation  3.29). 

11.  Check  for  further  cracking  and  modify  the  cracking 

coefficients  a  and  a  and  memory  function  6  if  necessary. 

x  y 

12.  If  further  cracking  occurs  repeat  the  procedure  (steps 
2  to  12);  if  not,  go  on  to  the  next  time  step. 

The  analysis  procedure  is  illustrated  schematically  in 
Figures  3.7  and  3.8  in  terms  of  a  structure  with  a  load  parameter  P 
and  deflection  parameter  A. 

The  applied  loading  history  is  shown  in  Figure  3.7(a).  At 
time  t  ,  a  load  PQ  is  applied  and  remains  constant  until  time  t ^  at 
which  time  an  additional  load  P^  is  applied.  The  total  load  remains 
constant  thereafter.  Figures  3.7(b)  and  (c)  show  the  resulting 
deflection-time  and  load-deflection  responses. 

The  uncracked  structure  at  time  tq  has  an  overall  stiffness 
K‘  (Figure  3.8).  The  load  PQ  produces  a  corresponding  deflection  A^ 
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and  examination  of  the  resulting  stress  distribution  indicates  crack¬ 
ing.  The  iterative  procedure  described  in  Section  3.6  is  carried  out 
producing  a  final  stiffness  Kq  and  corresponding  deflection  aq. 

The  numerical  integration  procedure  for  time  increment  xQ 
to  t-j  produces  a  set  of  initial  strains  at  time  t-j  which  are  converted 
to  a  set  of  equivalent  loads  represented  by  Q-j  which  are  added  to  the 
applied  load  P-j  (  =  PQ).  The  overall  stiffness  K-j  is  computed  using 
the  elastic  constants  evaluated  for  the  current  time  step.  The  result¬ 
ing  displacements  represented  by  A-j  along  with  the  known  initial  strains 
are  used  to  evaluate  the  stress  distribution  and  a  check  is  again  made 
for  cracking.  (In  this  example  it  will  be  assumed  that  no  further 
cracking  occurs  after  xQ). 

The  analysis  procedure  is  then  carried  out  for  time  increment 
t-j  to  T2  yielding  equivalent  loads  Q2  and  total  deflection  At  time 
t 2  the  additional  load  P2a  is  applied  to  the  structure  and  a  second 
analysis  is  required  at  time  x2  with  the  equivalent  loads  Q2a  equal  to 
Q2*  This  may  be  considered  as  a  time  increment  of  zero  length.  The 
resulting  deflection  L ^  is  obtained.  Although  Figure  3.8  shows  the 
same  stiffness  for  the  two  analyses  carried  out  at  time  the 

stiffness  will  in  fact  be  different.  The  stiffness  for  the  time 
increment  t-j  to  x2  reflects  the  variation  in  material  properties 
in  the  increment.  As  can  be  seen  from  the  evaluation  of  the  pseudo 
instantaneous  compliance  by  Equation  A. 11, 

: — “ —  =  (C(t2 >t-j  )  +  C(t2  st2)  )/2 .0 

F(t  2) 

The  corresponding  expression  for  time  i2a  is 
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- -  =  (c(T2a,T2^  +  C^T2a,T2a^2‘° 


E(T2a> 


-  (0(12,12)  +  C^^)  )/2.0 


1 

E(t9) 


where  E(t2)  is  the  actual  instantaneous  modulus  at  time 

Figure  3.8  shows  the  analysis  extended  to  1 ^  and  x^ 


3.8  Summary 

The  formulation  described  in  this  chapter  is  based  on  the 
displacement  method  of  analysis  in  which  the  primary  variables  are 
displacement  quantities.  Classical  small  deflection  plate  theory 
is  modified  for  a  non-homogeneous ,  orthotropic  material  and  the  finite 
element  method  is  used  to  obtain  an  approximate  solution  for  the  sole 
primary  variable,  the  transverse  displacement.  The  effect  of  cracking 
is  included  by  considering  the  slab  to  consist  of  a  set  of  layers 
in  which  constitutive  relations  throughout  the  plate  are  defined. 

The  reduction  in  stiffness  due  to  cracking  is  defined  by  the  stress- 
strain  diagram  for  concrete  in  tension  described  in  Chapter  2  and  an 
iterative  procedure  is  employed  to  define  the  extent  of  cracking.  The 
initial  strain  method  is  used  to  evaluate  the  effects  of  time-dependent- 
strains  in  the  concrete. 
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(a)  PLATE  COORDINATE  SYSTEM 


(b)  DEFORMATION  IN  x-Z  PLANE 


FIGURE  3.1  PLATE  DEFORMATION 


(a)  CONCRETE  LAYERS 


dfx 


(b)  REINFORCEMENT  LAYERS 


FIGURE  3.2  REPRESENTATION  OF  LAYERED  PLATE 
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V(?) 

(a)  ELEMENT  CONFIGURATION 


(b)  HERMITIAN  INTERPOLATION  FUNCTIONS 


FIGURE  3.3  PLATE  BENDING  ELEMENT 
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STRAIN 


(a)  STEPPED  STRESS  STRAIN  DIAGRAM  IN  TENSION 


bYES  b 

ax  =  a  i  +  1 

b 

ay=  ai  +  i 

(b)  FLOW  CHART 


FIGURE  3.4  COMPUTATION  OF  ELASTIC  CONSTANTS  FOR  A  LAVER 
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Pc=  CRACKING  LOAD 

K„=  STIFFNESS  BEFORE  CRACKING 

Kc=  STIFFNESS  AFTER  CRACKING  FOR 
LOAD  P 


K 


8c 


(a)  ITERATIVE  PROCEDURE  FOR  APPLICATION  OF  P>PC 


P 


(b)  ITERATIVE  PROCEDURE  FOR  INCREMENTAL  LOADING 


FIGURE  3.5  ITERATIVE  PROCEDURE  FOR  CRACKING 
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FIGURE  3.6  NON  LINEAR  STRESS  STRAIN  RELATIONSHIPS 
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FIGURE  3.7  LOAD-DEFLECTION-TIME  RELATIONSHIPS 
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FIGURE  3.8  SCHEMATIC  ILLUSTRATION  OF  TIME  DEPENDENT  ANALYSIS 


PROCEDURE 
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CHAPTER  4 

VERIFICATION  OF  MODEL 


4.1  Introduction 

A  common  method  of  assessing  the  accuracy  of  a  finite  element 
formulation  is  to  compare  the  solution  obtained  with  available  closed 
form  or  'exact'  solutions.  In  the  case  of  elastic,  isotropic  and  homo¬ 
geneous  material  properties,  closed  form  solutions  are  available  for 
most  classes  of  problems.  However,  for  non-linear  material  properties, 
there  may  be  no  available  closed  form  solution  for  the  particular 
problem  under  study  and  recourse  must  be  made  to  comparison  with 
results  obtained  from  experimental  studies. 

In  this  Chapter,  the  method  of  analysis  described  in  Chapter 
3  is  applied  to  several  problems  for  which  either  closed  form  solutions 
or  experimental  results  are  available  in  an  attempt  to  assess  the  ability 
of  the  mathematical  model  to  simulate  the  behaviour  of  actual  structural 
systems.  Firstly  the  elastic  plate  bending  element  is  applied  to  pro¬ 
blems  where  the  classical  solution  contains  singularities,  to  determine 
the  effect  of  such  singularities  on  the  accuracy  of  the  finite  element 
solution.  The  method  used  to  simulate  the  effect  of  cracking  or  the 
load  deflection  behaviour  is  then  applied  to  a  slab  for  which  experi¬ 
mental  results  are  available,  and  the  creep  model  is  applied  to  a  set 
of  beams  tested  under  sustained  load.  Finally  a  brief  study  is  made  of 
the  effect  of  mesh  layout  and  time  step  variation  on  the  results  obtained 
for  a  slab  subjected  to  cracking  and  time-dependent  deformation. 

4.2  Elastic  Plate  Bending  Solutions 

The  plate  bending  element  described  in  Section  3.3  was  applied 
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by  Bogner,  Fox  and  Schmit^^  to  the  problem  of  bending  of  a  square 
clamped  plate  under  uniform  load  to  illustrate  the  element's  conver¬ 
gence  characteristics.  A  more  severe  test  of  the  element,  however, 
is  the  case  of  a  uniformly  loaded  continuous  plate  supported  either  by 
point  supports  or  rectangular  columns.  In  each  case  the  classical 
elastic  solution  involves  singularities  in  the  form  of  infinite  moments 

per  unit  length  at  the  point  supports and  at  the  corners  of  the 

( 521 

rectangular  columns' 

The  application  of  a  triangular  plate  bending  element  to  these 
problems  is  discussed  by  Cheung,  King  and  Zienciewicz^^^  and  similar 
results  obtained  using  the  rectangular  element  are  presented  here  as 
a  check  on  the  formulation  and  to  illustrate  the  trends  to  be  expected 
in  the  application  of  the  method  to  problems  involving  non-linear 
material  properties. 

4.2.1  Continuous  Plate  on  Point  Supports 

Figure  4.1  shows  the  geometric  configuration  of  a  portion  of 
a  continuous  plate  on  point  supports  and  the  mesh  layout  considered  in 
the  study.  Only  one  quadrant  of  a  panel  is  required  for  the  analysis 
because  of  symmetry. 

The  moment  M  and  the  deflection  w  evaluated  at  mid-panel  (c) 

X 

are  given  in  Table  4.1  for  each  mesh.  The  rapid  convergence  of  the 
computed  deflection  towards  the  correct  value  is  clearly  seen  where  the 
coarse  mesh  #1  produces  an  error  of  2.36%  compared  with  .21%  for  the 
more  refined  mesh  #5.  Although  refinement  of  the  mesh  size  in  the 
region  of  high  stress  gradient  produces  a  significant  effect  on  the 
deflection  at  mid-panel  the  effect  on  the  moment  computation  at 
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mid-panel  is  less  marked.  The  computation  of  moments  appears  to  be 

more  directly  related  to  the  mesh  layout  in  the  immediate  vicinity 

of  the  point  considered.  This  may  be  attributed  to  the  fact  that  the 

moment  is  computed  as  a  linear  function  of  the  degrees  of  freedom  of 

the  element  concerned  and  is  therefore  less  sensitive  to  variations  in 

the  mesh  size  at  some  distance  from  the  element  than  the  deflection 

which  depends  on  an  accumulation  of  curvature  effects.  The  closer  the 

actual  moment  variation  in  the  element  is  to  a  linear  function,  the 

more  accurate  will  be  the  moment  computation.  This  point  is  further 

illustrated  in  Figure  4.2  and  Figure  4.3.  The  moments  M  and  M  along 

x  y 

the  column  line  AD  are  plotted  for  mesh  #1  and  #5  and  compared  with 
the  classical  solution  obtained  using  forty  terms  in  the  series  solu¬ 
tion  given  by  Timoshenko  and  Woinowsky  Krieger^).  The  actual  varia¬ 
tion  in  each  element  is  plotted  rather  than  average  nodal  values  which 
accounts  for  the  discontinuities  in  the  finite  element  solutions.  Where 
only  one  point  is  plotted,  the  moments  in  adjacent  elements  are 
essentially  the  same.  The  largest  discontinuities  occur  for  each  mesh 
at  the  node  adjacent  to  the  point  support,  due  to  the  fact  that  in  the 
element  adjacent  to  the  point  support  a  theoretically  infinite  stress 
(moment)  gradient  is  being  approximated  by  a  linear  function. 

4.2.2  Continuous  Plate  on  Square  Columns 

This  case  is  more  closely  related  to  the  practical  situation. 
However,  as  pointed  out  by  Woinowsky  -  Krieger  the  elastic  solution 
(obtained  by  the  method  of  complex  variables  and  assuming  rigid 
columns)  produces  theoretically  infinite  moments  at  the  corners  of  the 
square  (or  rectangular)  columns.  An  alternative  solution  by  Timoshenko 
and  Woinowsky  -  Krieger  assumes  the  reaction  to  be  uniformly  distributed 
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over  the  area  of  the  column  and  produces  finite  moment  values  at  the 
column.  The  true  behaviour  in  the  practical  situation  lies  somewhere 
between  the  two  assumptions.  The  former  assumption  of  rigid  columns 
is  considered  to  be  more  applicable  and  is  used  in  the  present  context. 

Figure  4.4  shows  a  quadrant  of  an  infinite  plate  supported  by 
square  columns.  The  variation  of  M  along  the  column  line  AB  is  shown 

j 

for  c/L  =  0.2  and  c/L  =  0.1.  The  classical  solution  due  to  Woinowsky 
Krieger  is  also  given  for  c/L  =  0.2.  Of  particular  interest  is  the 
fact  that  the  maximum  hogging  moment  occurs  a  small  distance  from  the 
face  of  the  column  and  this  is  reflected  in  the  finite  element  solution 
It  should  be  noted  however  that  the  finite  element  solution  will  not 
reflect  this  behaviour  unless  there  is  a  nodal  point  in  the  vicinity 
of  the  actual  maximum  moment,  due  to  the  assumed  linear  moment  varia- 
ti  on . 

The  manner  in  which  the  finite  element  solution  attempts  to 
approximate  the  theoretically  infinite  moments  at  the  corner  of  the 
column  is  shown  in  Figure  4.5,  the  behaviour  being  similar  to  that  for 
point  supports.  Some  care  however  is  required  in  interpreting  the 
moments  computed  at  point  E  where  three  elements  are  represented  at 
the  nodal  point,  each  with  its  moment  value  computed  at  E(E-j  ,E2  and  E^) 
The  values  plotted  at  E  are  E-j  and  the  average  of  E^  and  E^  (E^). 

The  difference  between  E^  and  E-j  represents  a  discontinuity  in  the 
moment  at  E. 

The  values  of  M  along  AB  and  DF  are  compared  in  Figure  4.6 

X 

again  indicating  the  high  moment  concentration  at  the  corner  of  the 
column  compared  with  the  moment  at  the  mid-point  of  the  column  face. 

The  above  examples  indicate  that, for  elastic  material 
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properties,  the  finite  element  formulation  used  herein  produces  excel¬ 
lent  deflection  evaluations  even  in  cases  where  singularities  arise, 
and  that  the  computed  moments  while  being  somewhat  less  accurate  than 
deflections  are  certainly  acceptable  for  most  engineering  applications. 
For  the  cases  of  non-linear  material  response  where  the  non-linearity 
is  a  function  of  stress  level,  it  will  be  important  to  obtain  reason¬ 
ably  accurate  values  for  moments  and  stresses.  The  application  of 
the  model  to  non-linear  response  due  to  cracking  and  creep  is  discussed 
below. 

4.3  Reinforced  Concrete  Slab  Subject  to  Cracking 

In  this  section,  the  mathematical  model  developed  in  Chapter 
3  is  applied  to  a  reinforced  concrete  slab  for  which  the  experimental 
load-deflection  response  and  an  alternative  finite  element  solution  are 

available.  A  square  slab  supported  at  the  corners  was  tested  by 

(39)  (27) 

McNeicev  1  and  analyzed  by  Jofriet  and  McNeicev  7  using  a  finite 

element  formulation  rather  different  from  the  present  analysis.  They 

used  a  tangent  stiffness  approach  based  on  empirical  bi -linear  moment- 

(9) 

curvature  relationships,  one  of  which  was  proposed  by  Beebyv  1  and  the 
other  of  which  was  based  on  an  expression  by  Branson^  ^  for  the 
effective  moment  of  inertia  of  a  cracked  cross-section.  In  addition 
they  attempted  to  include  the  effects  of  crack  orientation  by 
assuming  that  cracks  form  perpendicular  to  the  direction  of  maximum 
principal  tensile  stress.  The  cracking  directions  obtained  in  this 
manner  were  considered  to  represent  principal  directions  of  orthotropy. 
Where  the  cracks  formed  at  an  angle  to  the  reinforcement,  the  rein¬ 
forcing  bars  were  replaced  by  a  fictitious  set  of  bars  running  parallel 
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and  perpendicular  to  the  crack  directions.  The  areas  of  steel  required 

for  the  fictitious  reinforcing  bars  were  obtained  from  expressions 

( 33) 

presented  by  Lenschow  and  Sozsnv  .  The  orthotropic  plate  bending 
stiffness  matrix  [P]  was  then  transformed  to  the  global  coordinate 
system.  No  attempt  was  made  to  evaluate  the  stress  distribution  over 
the  thickness  so  that  an  extension  of  this  approach  to  the  creep  problem 
might  be  rather  difficult. 

4.3.1  One-Dimensional  Moment  Curvature  Relationships 

Figure  4.7  shows  a  set  of  moment  curvature  relationships  for 
a  doubly  reinforced  cross-section  based  on  stepped  stress-strain  curves 
for  concrete  in  tension  as  discussed  in  Section  3.4. 

Three  stress-strain  diagrams  for  average  tensile  stress  in 
the  concrete  are  shown  in  Figure  4.7.  The  first  diagram  shows  the  case 
where  the  concrete  carries  no  tension  after  cracking.  In  the  second 
curve  the  concrete  is  assumed  to  crack  at  a  stress  of  525  p.s.i.  at 
which  point  the  tensile  modulus  of  elasticity  reduces  to  10%  of  its 
initial  value  and  remains  at  this  level  for  all  stress  levels  there¬ 
after,  implying  that  the  tensile  stress  may  exceed  the  original  limit¬ 
ing  value.  The  third  curve  shows  three  successively  lower  limiting 
values  of  525  p.s.i.,  315  p.s.i.  and  205  p.s.i. 

The  empirical  expression  for  the  effective  moment  of  inertia 
of  a  section  after  cracking,  given  by  Branson^ is 

Ieff  =  (ff)4  Ig  *  0  -  (/)4>  ICr 

where  Mc  =  cracking  moment 
M  =  applied  moment 
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I  =  moment  of  inertia  of  gross  concrete  section 

I  =  moment  of  inertia  of  cracked  transformed  section 

I 

This  type  of  expression  simply  represents  a  transition  from 
I  to  I  which  will  be  necessary  for  stiffness  computations  involving 
sections  with  low  reinforcement  ratios. 

The  moment  curvature  relationship  based  on  the  above  expres¬ 
sion  for  the  doubly  reinforced  section  considered  is  shown  in  Figure 
4.7  along  with  the  curves  corresponding  to  the  stress  strain  diagrams 
described  above.  The  latter  curves  were  obtained  by  an  iterative  pro¬ 
cedure  similar  to  that  used  in  the  proposed  analysis  procedure  for 
deflection  computations  involving  cracking.  Details  of  the  procedure 
for  evaluation  of  the  moment  curvature  relationship  are  presented  in 
Appendix  F. 

The  jagged  nature  of  the  curves  is  due  to  the  fact  that  the 
slab  is  divided  into  layers.  The  difference  between  the  initial  linear 
portion  of  the  Branson  curve  and  the  computed  curves  is  due  to  the  fact 
that  the  Branson  curve  does  not  include  the  steel  area  in  the  gross 
moment  of  inertia.  Examination  of  Figure  4.7  indicates  that  curve  #3 
most  closely  resembles  the  Branson  curve.  It  is  apparent  that  by  a 
suitable  choice  of  tensile  stress-strain  curve  the  Branson  curve  could 
be  approximated  to  any  required  degree. 

4.3.2  Application  to  the  Two-Dimensional  Case  (Plane  Stress) 

In  applying  the  concept  of  the  stepped  stress-strain  diagram 
to  the  two  dimensional  case,  the  plane  stress  constitutive  relation 
may  be  written  as  follows. 
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and  Ex  -  ax  Ec>  Ey  =  Ec#  vx  =  ax  v,  v,  where  ax  and  are 

factors  representing  the  current  branch  of  the  stress  strain  diagram 
for  stresses  in  the  x  and  y  directions  respectively.  The  constitutive 
matrix  thus  remains  symmetric  at  all  times. 


4.3.3  Comparison  with  Experimental  Results 

Details  of  the  slab  tested  by  McNeice  are  presented  in  Figure 
4.8  along  with  the  mesh  layout  used  for  the  present  analysis.  The  com¬ 
puted  load-deflection  relationships  for  various  constitutive  assumptions 
are  compared  with  the  experimental  results  and  the  results  of  Jofriet's 
analysis  in  Figure  4.9. 

Initially  the  assumption  was  made  that  a  concrete  layer  takes 
no  tension  after  cracking,  i.e.  ax  =  =  0  (Figure  4.7(b)  -  #1 ) .  In 

order  to  obtain  an  initial  cracking  load  equal  to  that  indicated  by 
Jofriet's  analysis,  a  modulus  of  rupture  of  770  p.s.i.  was  used.  It 
can  be  seen  that  neglecting  the  tension  stiffening  effect  of  the  con¬ 
crete  between  cracks  in  this  case  greatly  overestimates  deflections 
after  cracking.  Curves  of  the  form  of  Figure  4.7(b)  -  #2  were  then 
applied  in  an  attempt  to  simulate  tension  stiffening  using  reduced 
moduli  after  cracking  of  5%,  10%  and  20%  of  the  initial  value.  Of 
these,  a  value  of  10%  closely  follows  the  experimental  curve  in  the 
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early  stages  of  loading,  but  gradually  stiffens  relative  to  the  experi¬ 
mental  curve.  Finally  a  stepped  stress  strain  curve  of  the  form  of 
Figure  4.7(b)  -  #3  was  applied.  This  curve  shows  reasonable  correla¬ 
tion  with  the  experimental  curve  over  the  total  loading  range  given. 

The  effect  of  cracking  on  the  distribution  of  moments  in  the 
slab  can  be  seen  in  Figure  4.10  which  shows  the  variation  of  M  /P  along 
AC  for  various  load  levels.  The  maximum  error  in  the  computed  total 
moment  was  4.7%. 

In  the  uncracked  state  (P  =  800#)  a  high  peak  in  moment  occurs 
at  the  centre  due  to  the  point  load.  Initial  cracking  takes  place  in 
this  high  moment  region  which  reduces  the  stiffness  significantly  in 
relation  to  the  surrounding  portions  of  the  slab  so  that  at  P  =  1600# 
the  moment  at  the  centre  drops  significantly  and  the  total  moment  is 
more  evenly  distributed  over  the  width  of  the  slab. 

As  the  loading  is  increased,  cracking  extends  into  regions 
away  from  the  centre  tending  to  equalize  the  stiffness  distribution 
over  the  slab  and  thereby  attracting  a  higher  proportion  of  the  moment 
back  into  the  centre. 

4.4  Simply  Supported  Beams  Under  Sustained  Load 

The  creep  representation  described  in  Chapter  2  is  based  on 

the  formulation  by  Selna  who  compared  his  technique  with  results 

(44) 

obtained  by  Rossv  '  for  an  axially  loaded  prism  under  various  forms 
of  block  type  stress  histories.  Although  satisfactory  agreement  was 
obtained,  no  attempt  was  made  to  verify  the  application  of  the  model 
to  reinforced  concrete  flexural  elements  with  or  without  cracking. 

To  the  author's  knowledge  no  experimental  data  is  available 
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on  creep  deflections  of  reinforced  concrete  slabs  under  two-way  action. 
However,  a  series  of  tests  was  carried  out  by  Washa  and  Fluck^5^  to 
study  the  behaviour  of  reinforced  concrete  beams  under  sustained  load. 
In  this  section,  the  present  method  of  analysis  is  compared  with  the 
results  of  series  C  of  the  Washa  and  Fluck  tests,  this  series  consist¬ 
ing  of  beams  5  inches  deep  by  12  inches  wide  with  varying  amounts  of 
compression  reinforcement.  Details  of  the  beams  are  given  in  Figure 
4.11  and  Table  4.2. 

The  creep  function  used  in  the  analysis  was  based  on  the 
C.E.B.  creep  parameters,  as  discussed  in  Section  2.5.  The  shrinkage 
curve  was  based  on  an  experimental  curve  obtained  by  Troxell,  Raphael 
and  Davis^)  under  conditions  similar  to  those  of  the  beam  tests  and 
is  shown  in  Figure  2.9.  The  modulus  of  rupture  was  taken  as  500  p.s.i. 

4.4.1  Deflections 

The  analysis  was  carried  out  for  the  sustained  load  acting 
for  240  days  after  which  time  the  experimental  results  indicate  that 
the  increase  in  deflection  occurred  at  a  very  much  reduced  rate. 

Each  beam  was  analyzed  for  two  conditions, 

a)  No  tension  in  a  layer  after  cracking, 

b)  Stepped  stress  strain  diagram  in  tension. 

The  stepped  stress  strain  diagram  was  of  the  form  shown  in 
Figure  4.7  (#3)  with  the  initial  modulus  of  rupture  at  500  p.s.i.  and 
the  two  lower  values  reduced  proportionately.  Displacement-time  curves 
are  presented  in  Figure  4.12. 

The  no-tension  assumption  produces  an  initial  elastic  deflec¬ 
tion  greater  than  the  actual  deflection  as  would  be  expected  while  the 
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stepped  stress-strain  diagram  produces  an  instantaneous  deflection 
slightly  lower  than  the  actual  value.  However,  the  rate  of  increase 
of  creep  deflections  for  the  initial  portion  of  the  loading  history 
is  greater  for  the  stepped  stress  strain  diagram  which  may  be 
explained  by  the  fact  that  the  tensile  concrete  is  assumed  to  be 
exhibiting  creep,  thereby  gradually  transferring  stress  to  the  steel 
whereas  in  the  no-tension  case,  all  the  tensile  stress  in  the  cracked 
layer  is  immediately  transferred  to  the  steel.  The  final  computed 
deflection  after  240  days  is  in  each  case  very  close  to  the  actual 
deflection  and  the  rates  of  increase  of  deflection  are  also  similar 
at  this  stage. 

4.4.2  Cracking  Envelopes 

Figure  4.13  shows  the  cracking  envelopes  obtained  for  each 
of  the  beams  analyzed.  Although  Washa  and  Fluck  did  not  present  crack¬ 
ing  patterns  in  their  results,  they  did  observe  that  cracking  occurred 
in  all  beams  shortly  after  application  of  the  load.  The  cracking 
envelopes  are  seen  to  extend  to  a  greater  depth  in  the  case  of  the  no¬ 
tension  assumption  compared  with  the  stepped  stress-strain  diagram. 

4.4.3  Steel  Stresses 

The  computed  steel  stresses  using  the  no-tension  assumption 
for  the  beams  containing  compression  steel  are  shown  in  Figure  4.14. 

In  the  period  immediately  after  loading  there  is  a  rapid  transfer  of 
stress  to  the  compression  steel,  the  rate  of  increase  gradually 
decreasing  with  time.  It  is  evident  that  for  very  small  percentages 
of  compression  steel,  yielding  is  likely  to  occur.  The  tensile  steel 
stress  on  the  other  hand  after  a  small  initial  rise  remains  more  or 
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less  constant  at  a  value  a  little  over  20,000  p.s.i. 

4.5  Effects  of  Mesh  Layout  and  Timestep  on  Creep  Deflections 
4.5.1  Mesh  Layout 

The  effect  of  mesh  size  on  elastic  plate  solutions  was  dis¬ 
cussed  in  Section  4.2.  To  determine  the  effects  of  mesh  layout  on 
deflections  where  cracking  and  creep  occur,  a  brief  study  was  carried 
out  on  the  interior  panel  of  a  flat  plate  supported  on  square  columns 
The  dimensions  and  reinforcement  of  the  slab  analyzed  were  as  follows 

Depth  =  8  inches 

Span  =  20  ft  (centre  to  centre  of  columns) 

Column  Width  =  2  ft 

Reinforcement  =  0.036  sq.  in.  per  in.  top  and  bottom  in  each 

di recti  on 

The  mesh  layouts  used  in  the  study  are  shown  in  Figure  4.15 
The  creep  and  shrinkage  curves  used  were  those  designated  as  C.E.B. 
curves  Cl  in  Section  2.5  and  no  tension  was  assumed  in  a  layer  after 
cracking.  The  loading  history  consisted  of  a  total  uniform  load  of 
144  p.s.f.  applied  at  14  days  and  held  constant  thereafter. 

A  measure  of  the  plate  stiffness  immediately  after  cracking 
on  first  application  of  the  load  is  also  given  in  Figure  4.15  where 
relative  values  of  D-^  are  presented  for  elements  in  which  cracking 
has  occurred.  Cracking  is  seen  to  occur  only  in  the  region  surround¬ 
ing  the  column,  and  the  more  refined  mesh  layouts  in  this  region  pre¬ 
dict  the  higher  degree  of  cracking.  This  trend  is  reflected  in  the 
instantaneous  values  obtained  in  each  case  in  Figure  4.16.  Mesh  #1 
and  #2  which  have  the  same  mesh  layout  around  the  column  produce  the 
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same  stiffness  reduction  due  to  cracking  and  the  same  instantaneous 
deflection  at  mid-panel.  Mesh  #3  produces  a  deflection  10%  higher 
than  #1  and  #2  and  for  mesh  #4  the  difference  is  15.5%. 

The  same  trend  indicated  by  the  instantaneous  deflection 
is  reflected  in  the  longtime  deflections  where  the  maximum  difference 
for  the  mesh  layouts  used  is  of  the  order  of  10%. 

4.5.2  Time  Step  Variation 

To  determine  the  influence  of  the  numerical  integration 
technique  on  the  solution,  two  very  different  time  step  variations 
designated  T^  and  Tg  were  applied  to  the  slab  example  described  above, 
using  mesh  #1  with  the  initial  load  applied  at  30  days.  Table  4.3 
gives  the  time  step  variations  used  with  the  corresponding  mid-panel 
displacements  and  maximum  concrete  compressive  stresses.  The  results 
are  presented  graphically  in  Figures  4.17  and  4.18. 

Variation  T^  was  chosen  to  produce  approximately  equal  deflec¬ 
tion  increments  in  each  time  interval  while  Tg  is  based  on  equal  time 
increments.  The  former  variation  produces  a  much  smoother  change  in 
both  deflections  and  stresses  with  time.  However,  the  discrepancy 
tends  to  be  minimal  after  the  initial  rapid  change  has  taken  place.  The 
rapid  drop  in  compressive  stress  may  be  attributed  to  the  presence  of 
reinforcing  steel  in  the  compressive  zone. 

The  choice  of  time  step  variation  therefore  does  not  appear 
to  be  critical  in  terms  of  computation  of  longtime  deflections  although 
a  variation  of  the  type  TA  is  to  be  preferred. 

4.6  Effect  of  Mesh  Layout  on  Computed  Moments 

In  Section  4.2  it  was  pointed  out  that  the  present  finite 
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element  formulation  based  on  a  displacement  model,  when  applied  to 
elastic  plate  bending  problems  produces  good  deflection  values  but 
somewhat  less  accurate  stress  quantities.  To  investigate  the  com¬ 
puted  moments  in  the  time  dependent  analysis,  a  typical  interior 
panel  was  analyzed  for  three  mesh  layouts.  The  dimensions  and  rein¬ 
forcement  for  the  slab  are  the  same  as  for  slab  S10  in  Table  5.1. 

The  three  mesh  layouts  numbered  5,  6  and  7  consisting  of  15,  24  and 
35  elements  respectively  are  shown  in  Figure  4.19.  The  slab  was 
analyzed  for  the  loading  history  L2  in  Figure  5.7  using  the  compliance 
and  shrinkage  curves  representing  concrete  Cl  (Section  2.5). 

Figure  4.20  shows  the  negative  moment  on  the  line  of 

A 

the  column  face  and  the  positive  moment  on  the  centre  line  of  the 

A 

panel.  The  sum  of  these  two  quantities  is  equal  to  one  half  of  the 
total  static  moment  for  the  panel  on  the  clear  span  between  the  column 
faces.  The  moment  variation  along  these  two  lines  for  each  mesh  is 
shown  in  Figure  4.21,  4.22  and  4.23  for  9  days,  300  days  and  800  days 
(with  the  exception  of  mesh  #7  for  which  no  values  are  given  at  800 
days).  Moments  were  computed  at  the  corner  of  each  element  and  the 
average  for  the  node  was  used  in  computing  the  total  moment.  The  total 
moment  was  computed  by  numerical  integration  assuming  a  linear  varia¬ 
tion  in  moment  along  the  side  of  each  element.  Figure  4.24  shows  the 
variation  in  the  computed  total  negative  moment  and  total  positive 
moment  with  time  for  each  mesh.  For  each  case  the  error  in  the  total 
static  moment  is  shown  in  Figure  4.25  as  a  function  of  time.  The 
values  plotted  show  a  rather  wide  variation  from  mesh  to  mesh.  However, 
from  Figure  4.25  is  is  apparent  that  the  accuracy  of  the  moment  computa¬ 
tion  is  improved  by  increasing  the  number  of  elements.  There  appears 


.  ( 


' 

1 


90 


to  be  little  redistribution  of  moments  with  time  although  the  total 
negative  moment  shows  a  tendency  to  increase  slightly  with  a  corres¬ 
ponding  decrease  in  positive  moment. 

The  deflection  vs.  time  curves  shown  in  Figure  4.26  indicate 
that  although  the  computed  moments  vary  widely  from  mesh  to  mesh  the 
computed  deflections  are  remarkably  similar.  Therefore,  in  the  study 
of  slab  deflections  a  relatively  course  mesh  may  be  used  whereas  for 
accurate  moment  values,  the  number  of  elements  must  be  increased. 

4.7  Summary 

In  this  Chapter  the  analytical  model  developed  in  Chapter  3 
was  applied  to  cases  involving  elastic  plate  bending,  cracking  of  a 
square  reinforced  concrete  slab  supported  at  the  corners  and  creep 
deflections  of  simply  supported  reinforced  concrete  beams.  In  addition 
a  brief  assessment  was  made  of  the  effects  of  mesh  layout  and  time  step 
variation  on  the  solution.  On  the  basis  of  the  results  obtained,  the 
following  conclusions  may  be  stated. 

1.  The  plate  bending  element  used  adequately  predicts  deflec¬ 
tions  and  stresses  in  an  elastic  plate  even  if  singularities  are  pre¬ 
sent.  The  accuracy  depends  primarily  on  the  mesh  layout  used  in  the 
region  adjacent  to  such  singularities. 

2.  Neglecting  the  tension  stiffening  effect  of  concrete 
between  cracks  grossly  over-estimates  deflections,  particularly  for 
sections  with  low  reinforcement  ratios. 

3.  The  concept  of  a  stepped  stress  strain  diagram  for  con¬ 
crete  in  tension  is  an  approximate  method  of  including  tension  stiff¬ 
ening  which  produces  satisfactory  results. 
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4.  The  creep  formulation  using  functions  based  on  the  C.E.B. 
creep  parameters  produces  good  correlation  with  one-dimensional  flexural 
behaviour  which  provides  some  confidence  in  applying  the  method  to  the 
two-dimensional  slab  problem. 

5.  The  computation  of  slab  deflections  subject  to  cracking 
and  time-dependent  strains  is  fairly  sensitive  to  the  mesh  layout  used, 
and  a  relatively  fine  mesh  should  be  used  in  areas  of  high  stress 
gradients . 

6.  The  choice  of  time  step  to  be  used  is  less  critical.  A 
series  of  time  increments  producing  approximately  equal  deflection 
increments  is  recommended. 
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MESH# 

Nr.°F 

Mx(in.lb) 

Error 

w(in) 

Error 

Exact(Ref.  47,  p  249) 

1 

36 

1522.7 

13.7% 

.90768 

2 . 36% 

My  =  1339.1 

A 

2 

64 

1525.6 

13.9% 

.92256 

.76% 

w  =  .9296 

3 

100 

1382.5 

3.32% 

.92296 

.71% 

4 

144 

1382.45 

3.32% 

.92671 

.31% 

5 

196 

1382.41 

3.32% 

.92765 

.21% 

TABLE  4.1  MOMENT  AND  DEFLECTION  AT  MID-PANEL 


Beam  No 

Width 

(in) 

Total 

Depth 

(in) 

Span 

(ft) 

L/D 

Tension 
Steel  Area 
(sq  in) 

Compression 
Steel  Area 
(sq  in) 

Total  Uniform 
Load  (lb/ft) 

Cl  ,C4 

12 

5 

20.8 

50 

0.80 

0.80 

82 

C2  ,C5 

12 

5 

20.8 

50 

0.80 

0.40 

82 

C3,C6 

12 

5 

20.8 

50 

0.80 

0.0 

82 

TABLE  4.2  BEAM  DETAILS (WASHA  &  FLUCK) 
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ta 

tb 

TIME(days) 

A(in) 

TIME(days) 

A  ( i  n ) 

30 

.0796 

145 

30 

.0796 

145 

31 

.0973 

141 

60 

.2098 

109 

32 

.1105 

139 

90 

.2159 

112 

34 

.1315 

133 

120 

.2226 

108 

38 

.1570 

125 

150 

.2276 

108 

46 

.1801 

119 

180 

.2322 

106 

62 

.1990 

114 

210 

.2364 

105 

94 

.2159 

no 

240 

.2405 

104 

158 

.2313 

106 

270 

.2443 

102 

286 

.2516 

101 

300 

.2478 

101 

542 

.2780 

93 

800 

.2897 
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TABLE  4.3  MID-PANEL  DEFLECTIONS  AND  STRESSES  FOR  DIFFERENT 


TIME  STEP  VARIATIONS 
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MESH  No  1 


MESH  No  2 


MESH  No  3  MESH  No  4 


MESH  No  5 


FIGURE  4.1  MESH  CONFIGURATIONS  FOR  CONTINUOUS  PLATE  ON  POINT  SUPPORTS 


( in  Ib/in ) 
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FIGURE  4.2  M  ALONG  AD-POINT  SUPPORTS 

X 


(in  Ib/in) 
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FIGURE  4.3  My  ALONG  AD-POINT  SUPPORTS 
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FIGURE  4.4  My  ALONG  AB-SQUARE  COLUMNS 
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FIGURE  4.5  My  ALONG  DF-SQUARE  COLUMNS 
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FIGURE  4.6  M  ALONG  AB  AND  DF-  SQUARE  COLUMNS 
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FIGURE  4.7  MOMENT  CURVATURE  RELATIONSHIPS 
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Ec  =  4.15  x  106  p.s.i  . 

Es  =  29  x  10^  p.s.i  . 

v  =  0.15 

p  =  .85% 
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FIGURE  4.8  SLAB  TESTED  BY  McNEICE 
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FIGURE  4.9  LOAD  DEFLECTION  CURVE  FOR  VARIOUS  TENSILE  STRESS  STRAIN  CURVES 
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FIGURE  4.10  VARIATION  OF  M  ON  AC  FOR  INCREASING  P 
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FIGURE  4.11  WASHA  &  FLUCK  TEST  BEAMS 
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FIGURE  4.12  DEFLECTION-TIME  CURVES  WASHA  &  FLUCK 
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FIGURE  4.13  CRACKING  ENVELOPES  WASHA  &  FLUCK 
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FIGURE  4.14  VARIATION  OF  STEEL  STRESS  WITH  TIME 
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FIGURE  4.15  MESH  LAYOUTS  1 ,  2 ,  3  AND  4 
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FIGURE  4.16  DEFLECTION-TIME  CURVES  FOR  VARIOUS  MESH  LAYOUTS 
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FIGURE  4.17  DEFLECTION-TIME  CURVES  FOR  DIFFERENT  TIME  STEP  LENGTHS 
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FIGURE  4.18  CONCRETE  STRESS-TIME  CURVES  FOR  DIFFERENT  TIME  STEP  LENGTHS 
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FIGURE  4.19  MESH  LAYOUTS  FOR  STUDY  OF  MOMENTS 


FIGURE  4.20  POSITIVE  AND  NEGATIVE  MOMENT  LOCATIONS 
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FIGURE  4.24  TOTAL  POSITIVE  AND  NEGATIVE  MOMENTS 
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FIGURE  4.25  ERROR  IN  TOTAL  STATIC  MOMENT 
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FIGURE  4.26  LOAD  DEFLECTION  CURVES  MESH  LAYOUTS  5,  6  AND  7 
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CHAPTER  5 

PARAMETER  STUDY  OF  FACTORS  AFFECTING  SLAB  DEFLECTIONS 

5.1  Introduction 

The  difficulty  associated  with  the  computation  of  deflections 
of  reinforced  concrete  slabs  is  due  to  the  large  number  of  factors 
involved,  many  of  which  cannot  be  specified  accurately.  Among  the 
parameters  which  must  be  considered  are  the  material  properties,  load¬ 
ing,  boundary  conditions,  the  size  and  shape  of  panels  and  the  effects 
of  stiffening  elements  such  as  beams.  The  purpose  of  the  parameter 
study  described  in  this  Chapter  is  to  illustrate  the  application  of  the 
present  method  of  analysis  in  a  systematic  study  of  some  of  these  para¬ 
meters,  particularly  the  effects  of  geometry,  cracking,  time-dependent 
behaviour  and  non-uniform  reinforcement  layouts,  on  slab  deflections. 

The  study  was  restricted  to  a  square  interior  panel  of  a  flat 
plate  floor  system  and  the  effects  of  the  following  parameters  were 
considered, 

a)  concrete  properties 

b)  loading  history 

c)  span  to  depth  (L/d)  ratio 

d)  column  width  to  span  c/L  ratio 

e)  reinforcement  layouts 

5.2  Slab  Design 

A  typical  interior  panel  may  be  defined  as  a  panel  in  an 
infinite  array  of  identical  panels  under  uniform  load  as  shown  in  Figure 
5.1.  From  symmetry,  only  one  quadrant  of  a  panel  need  be  considered  in 
the  analysis  and  the  boundary  conditions  are  as  shown  in  Figure  5.2. 
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A  constant  slab  thickness,  d  =  8  inches,  was  used  throughout 

the  study  to  determine  reinforcing  steel  requirements,  the  direct 

design  method  of  the  1971  A.C.I.  Building  Code^  was  used,  in  which 

the  total  panel  moment  Nl  is  obtained  from 

o 

qLLc 

Mo  ■  V  t5-1) 

where  q  represents  the  uniform  load  on  the  panel,  L  is  the  length  of 
the  panel  in  the  transverse  direction  and  l_c  is  the  clear  span  between 
column  faces  in  the  longitudinal  direction.  The  total  moment  is  dis¬ 
tributed  between  column  and  middle  strip  and  then  between  positive  and 
negative  moment  regions  as  shown  in  Figure  5.3.  From  the  computed 
moments,  the  required  reinforcement  may  be  obtained.  The  reinforcement 
layout  used  in  this  study  is  shown  schematically  in  Figure  5.4.  The 
area  of  steel  per  unit  of  length  in  each  location  is  labelled  as 
fol lows , 


Second 

letter: 

C  =  column  strip 

M  =  middle  strip 

Thi  rd 

letter: 

T  =  top  steel 

B  =  bottom  steel 

Fourth 

letter: 

X  =  x-di recti  on 

Y  =  y-di recti  on 

For  example,  AMTY  represents  the  area  of  top  steel  in  the  middle  strip 
running  in  the  y-di recti  on.  The  bottom  steel  in  the  negative  moment 
region  of  the  column  strip  is  taken  as  one  half  of  the  steel  in  the 
positive  moment  region.  The  units  are  sq.  in.  per  in.  All  top  steel 
is  assumed  to  be  located  one  inch  from  the  top  surface  and  all  bottom 
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steel  seven  inches  from  the  top  surface. 

A  total  of  nine  slabs  with  varying  column  widths  and  spans 
were  designed  for  flexure  using  a  steel  yield  stress  of  40  k.s.i. 

No  attempt  was  made  to  fit  actual  bar  sizes  and  spacing  to  the  computed 
steel  requirements.  Instead,  the  computed  area  of  steel  per  inch  of 
length  was  used  as  input  for  the  computer  analysis.  From  the  nine 
basic  slabs  designed,  nineteen  analyses  were  carried  out  to  study  the 
parameters  discussed  in  Section  5.1.  The  dimensions  and  reinforcement 
details  for  the  nineteen  analyses  are  given  in  Table  5.1.  A  summary 
of  the  variables  considered  in  the  parameter  study  is  presented  in 
Table  5.2. 

The  design  live  load  on  a  floor  system  depends  on  the  type 
of  use,  such  as  apartment,  office  or  warehouse.  For  the  present  study 
a  live  load  of  50  p.s.f.  was  used.  The  dead  load  was  the  same  for  all 
slabs  since  the  thickness  was  considered  to  be  constant 

Live  Load  =  50  p.s.f. 

Dead  load  =  100  p.s.f. 

Total  load  =  150  p.s.f. 

5.3  Parameters  Considered  in  Study 

The  parameter  study  is  treated  in  terms  of  the  five  factors 
listed  in  Section  5.1  and  each  factor  will  be  discussed  in  turn.  Two 
mesh  layouts  were  used  in  the  study.  These  layouts  had  the  general 
configuration  of  mesh  #5  and  #6  in  Figure  4.19  with  the  dimensions 
adjusted  to  suit  span  and  column  sizes  in  each  case.  Table  5.3 
specifies  the  layout  for  each  slab  by  giving  the  number  of  elements 
used,  either  15  for  mesh  #5  or  24  for  mesh  #6.  In  addition,  the  amount 
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of  machine  time  required,  the  number  of  time  increments  and  the  number 
of  cracking  iterations  for  each  case  are  given. 

5.3.1  Concrete  Properties 

The  concrete  properties  which  are  important  in  terms  of  slab 
deflections  are, 

a)  instantaneous  modulus  of  elasticity  and  creep  charac¬ 
teristics  as  represented  by  the  creep  compliance  function  for  the 
material 

b)  variation  of  shrinkage  strains  with  time 

c)  modulus  of  rupture 

The  material  properties  used  in  this  study  are  based  on  the 
C.E.B.  creep  and  shrinkage  parameters  from  which  creep  and  shrinkage 
curves  have  been  obtained.  The  details  of  these  curves  are  given  in 
Section  2.5.  Two  different  concretes  designated  Cl  and  C2  are  used, 
where  Cl  represents  a  concrete  exhibiting  high  creep  and  shrinkage  and 
C2  represents  average  or  normal  creep  and  shrinkage  strains. 

The  modulus  of  rupture  is  a  highly  variable  quantity^50) . 

For  the  present  study  a  value  of  500  p.s.i.  was  used  throughout. 

Based  on  the  1971  A.C.I.  Building  Code  expression, 

fr  =  7.5  /f£  (5.2) 

This  corresponds  to  a  compressive  strength  of  4450  p.s.i. 

An  important  factor  to  be  considered  is  the  effect  of  ten¬ 
sile  stiffening  of  the  concrete  between  cracks.  This  factor  was  dis¬ 
cussed  in  Chapter  4  in  terms  of  the  point  supported  square  slab  and 
has  been  included  in  the  parameter  study  analyses  of  the  interior 
panel.  Figure  5.5  shows  the  stepped  stress  strain  diagram  used  to 
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account  for  tensile  stiffening  between  cracks. 

The  slabs  considered  in  this  section,  designated  as  SI,  S2, 
S3  and  S4,  have  the  following  properties  and  assumptions  concerning 
tensile  concrete  in  cracked  regions. 

51  -  concrete  Cl  and  no  tension  after  cracking 

52  -  concrete  C2  and  no  tension  after  cracking 

53  -  concrete  Cl  and  stepped  stress  strain  diagram  (tension) 

54  -  concrete  C2  and  stepped  stress  strain  diagram  (tension) 

The  loading  history  LI  (Figure  5.7)  was  used  in  each  case.  A  complete 
description  of  this  loading  history  is  given  in  the  following  section. 

Figure  5.6  shows  the  variation  of  the  mid-panel  deflection 
with  time  for  each  case.  On  first  application  of  load  at  t  =  7  days, 
cracking  occurred  in  the  vicinity  of  the  column.  Deflections  then 
increased  steadily  until  21  days  at  which  time  an  additional  load  was 
temporarily  applied  causing  further  cracking  around  the  column.  The 
additional  load  was  then  removed  (also  at  21  days)  and  the  slabs  con¬ 
tinued  to  deflect  with  time  with  no  further  increase  in  cracking. 

The  instantaneous  deflection  at  7  days  is  seen  to  depend  on 
both  the  compliance  curve  used  and  the  assumption  concerning  tensile 
stiffness  in  the  cracked  regions.  For  each  concrete  the  assumption 
of  no  tension  after  cracking  predicted  a  greater  deflection  than  the 
stepped  stress  strain  diagram  as  would  be  expected.  The  difference 
between  the  deflections  for  the  two  different  concretes  is  also  evi¬ 
dent,  concrete  Cl  producing  a  greater  instantaneous  deflection  than 
C2 ,  assuming  the  same  tensile  behaviour  for  the  two  concretes. 

The  instantaneous  deflections  for  S2  and  S3  are  almost 
equal  indicating  that  the  difference  in  tensile  properties  for  the  two 
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cases  is  offset  by  the  difference  in  instantaneous  elastic  modulus. 
Between  7  days  and  21  days  the  difference  in  the  response  of  the  two 
concretes  becomes  more  evident.  For  each  concrete,  the  difference 
in  deflection  at  any  time  between  the  no  tension  assumption  and 
stepped  stress  strain  diagram  remains  more  or  less  constant.  The 
increase  in  deflection  for  concrete  Cl,  however,  is  considerably 
greater  than  that  for  C2.  At  21  days  the  additional  deflection  due 
to  the  increased  load  is  shown.  The  no  tension  assumption  produces 
a  greater  increase  in  deflection  than  the  stepped  stress  strain  diagram 
for  each  concrete. 

The  deflection  values  at  21  days  just  before  and  just  after 
the  instantaneous  increase  in  load  indicate  a  significant  difference 
in  the  behaviour  exhibited  by  the  tensile  assumptions.  The  load  after 
21  days  is  less  than  the  load  up  to  21  days.  However,  the  stiffness 
after  21  days  is  also  less  than  the  stiffness  before  21  days  due  to 
the  increased  cracking.  For  the  no  tension  case  the  reduction  in 
stiffness  has  a  greater  effect  than  the  reduction  in  load  and  a  net 
increase  in  deflection  occurs  at  21  days.  On  the  other  hand,  the 
reduction  in  stiffness  is  less  significant  for  the  stepped  stress  strain 
diagram  and  a  net  decrease  in  deflection  results.  After  21  days, 
deflections  continued  to  increase  with  time  at  a  greater  rate  for  con¬ 
crete  Cl  than  for  C2.  Comparing  deflections  at  800  days,  it  is  appar¬ 
ent  that,  as  expected,  the  compliance  characteristics  of  the  concrete 
have  a  significant  effect  on  long  time  deflection.  The  deflection  at 
800  days  for  $1  was  2.722  inches  compared  with  1.510  inches  for  S4 
and  1.698  inches  for  S2. 

Considerable  cracking  occurred  in  these  four  slabs  in  the 
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vicinity  of  the  column  with  much  less  severe  cracking  in  the  positive 
moment  region. 


5.3.2  Loading  History 

The  evaluation  of  long  time  deflections  requires  a  knowledge 

of  the  loading  history.  While  the  dead  load  may  be  assumed  to  remain 

constant  with  time,  the  variation  of  the  actual  live  load  with  time 

will  not  in  general  be  known. 

(28) 

A  survey v  '  carried  out  in  Sweden  indicated  the  following 
loads  due  to  persons  and  furniture  in  apartment  buildings. 


Mean  load  due  to  persons 
Greatest  load  due  to  persons 
Mean  load  due  to  furniture 
Greatest  load  due  to  furniture 


=  30  kg/m2 
=  128  kb/m2 
=  25  kg/m2 
=  105  kg/m2 


(6.144  p.s.f.) 
(26.214  p.s.f.) 
(5.120  p.s.f.) 
(21.504  p.s.f.) 


The  greatest  loads  due  to  persons  and  furniture  did  not  occur 
simultaneously.  These  loads  are  seen  to  be  considerably  smaller  than 
the  design  live  load  of  50  p.s.f.  and  it  does  not  appear  reasonable  to 
consider  the  full  live  load  as  sustained  load  for  the  purpose  or  com¬ 
puting  long  time  deflections.  In  this  study  a  sustained  load  of  20% 
of  the  design  live  load  has  been  assumed. 

In  the  case  of  reinforced  concrete  floor  slabs  in  multi¬ 
storey  construction  where  a  freshly  placed  floor  slab  is  supported  on 
previously  cast  floors,  the  construction  loads  on  the  slabs  often 

(23) 

exceed  the  loads  under  service  conditions.  Grundy  and  Kabailav  ' 
indicate  that  the  total  load  carried  by  a  slab  at  the  construction 
stage  may  exceed  twice  the  dead  load  of  the  slab.  It  is  therefore 
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important  to  include  such  construction  loads  in  the  analysis  for 
deflections  since  most  of  the  cracking  will  take  place  at  the  con¬ 
struction  stage  and  this  will  determine  the  subsequent  overall  stiff¬ 
ness  of  the  slab. 

Two  loading  histories,  designated  LI  and  L2  are  shown  in 
Figure  5.7.  Loading  history  LI  consisted  of  a  load  of  1.5  x  D.L. 
applied  at  7  days  and  held  constant  to  21  days  at  which  time  an  addi¬ 
tional  0.5  x  D.L.  was  applied  instantaneously.  The  load  was  then 

reduced  to  a  value  of  1  x  D.L.  +  0.2  x  L.L.  and  remained  constant 

thereafter.  In  the  case  of  L2,  the  maximum  load  of  2  x  D.L.  was 
applied  at  7  days  and  immediately  reduced  to  a  sustained  load  of 

1  x  D.L.  +  0.2  x  L.L.  Behaviour  under  the  two  loading  histories  is  re¬ 

presented  by  slabs  S3  and  S14  (Table  5.2)  which  have  identical  material 
properties  and  dimensions  and  were  analyzed  by  loading  histories  LI  and 
L2  respectively.  The  stepped  stress  strain  diagram  in  tension  was  used. 

The  variation  of  mid-panel  deflection  with  time  is  shown  in 
Figure  5.8  for  S3  and  Si 4 .  The  larger  instantaneous  load  applied  to  S14 
at  7  days  caused  cracking  around  the  columns  to  a  greater  extent  than 
experienced  by  S3,  thereby  reducing  the  flexural  stiffness  of  S14 
relative  to  S3.  The  deflection  just  after  7  days  is  approximately  the 
same  for  each  case  although  the  load  on  S3  is  greater  than  that  on  S14. 
The  effect  of  the  higher  load  on  S3  however,  is  to  produce  a  larger 
increase  in  creep  deflections  between  7  and  21  days.  At  21  days  the 
load  on  S3  is  increased  temporarily  and  then  reduced  to  the  same  value 
as  that  on  S14.  At  this  stage,  the  deflections  for  the  two  cases  were 
almost  equal.  After  21  days  when  the  loads  on  the  two  slabs  were 
equal,  the  deflections  increased  with  time  at  approximately  the  same 
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rate,  with  the  final  deflection  of  S3  slightly  less  than  that  of  S14. 

These  results  suggest  that  the  long  time  deflection  under 
sustained  load  is  not  greatly  affected  by  variations  in  loading  history 
at  early  age,  as  long  as  the  maximum  load  is  the  same  and  produces 
approximately  the  same  degree  of  cracking. 

5.3.3  Span  to  Depth  (L/d)  Ratio 

(2) 

From  isotropic  elastic  plate  theory v  ,  the  deflection  A  at 
a  point  in  a  plate  is  given  by  an  expression  of  the  form, 

[■  =  K  q(j)3  (5.3) 

where  K  is  a  constant  depending  on  boundary  conditions.  The  influence 
of  the  L/d  ratio  is  explicitly  evident  in  this  equation,  and  minimum 
thicknesses  for  control  of  deflections  in  slabs  have  traditionally 
been  based  primarily  on  this  quantity. 

The  extent  of  cracking  in  a  slab  also  depends  on  the  L/d 
ratio.  As  the  span  increases  the  maximum  moments  increase  while  as 
the  depth  decreases  the  cracking  moment  also  decreases.  In  other  words 
for  a  given  loading,  the  overall  flexural  stiffness  decreases  as  the 
L/d  ratio  increases. 

In  the  study  of  L/d  ratios,  the  c/L  ratio  was  held  constant 
at  0.1  and  loading  history  LI  was  used  in  each  case.  Slabs  S5,  s6, 

S7,  S8  and  Si,  using  concrete  Cl,  were  considered  with  L/d  ratios  of 
15,  22.5,  30,  37.5  and  45  respectively.  Concrete  was  assumed  to  take 
no  tension  after  cracking.  To  illustrate  the  behaviour  using  concrete 
C2,  one  slab,  S2,  with  a  L/d  ratio  of  45  was  considered. 

Figure  5.9  shows  the  variation  of  mid-panel  deflection  with 
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time  for  each  of  the  slabs  analyzed  (except  S2).  Slabs  S7,  S8  and  Si 
exhibited  cracking  at  7  days  and  further  cracking  at  21  days  when  the 
load  was  increased.  Slabs  S5  and  S6  produced  no  cracking  at  any  time. 
The  rapid  increase  in  deflection,  both  long  and  short  time  with  in¬ 
crease  in  the  L/d  ratio  is  apparent. 

Engineering  practice  usually  considers  the  deflection  to  span 
ratio  to  be  of  more  significance  than  the  absolute  magnitude  of  the 
deflection.  The  relationships  between  A/L  and  (L/d)  are  therefore 
plotted  in  Figure  5.10  where  A  represents  the  mid-panel  deflection. 
Values  are  plotted  for  t  =  7  days  assuming  the  concrete  to  be  uncracked, 
for  t  =  7  days  taking  cracking  into  account  and  finally  for  t  =  800 
days.  For  each  case,  the  values  plotted  for  concrete  Cl  are  indicated 
by  solid  lines.  Since  only  one  slab  was  considered  for  concrete  C2, 
estimated  values  for  other  L/d  ratios  are  shown  by  the  dashed  lines. 

In  the  following  discussion,  the  values  obtained  for  concrete  Cl  are 
considered  first. 

For  the  initial  application  of  load  at  7  days,  the  relation¬ 
ship  is  linear,  assuming  the  slab  to  be  uncracked.  The  slab  thus 
behaves  as  an  isotropic  homogeneous  elastic  plate  and  the  reinforce¬ 
ment  has  practically  no  effect  on  the  behaviour.  Allowing  for  crack¬ 
ing  in  the  slab,  it  can  be  seen  that  cracking  has  a  more  pronounced 
effect  as  the  L/d  ratio  increases.  For  the  two  smallest  L/d  ratios, 
no  cracking  was  detected  at  the  load  levels  considered.  However,  as 
the  L/d  ratio  increases,  the  A/L  ratio  is  seen  to  depart  from  the 
uncracked  case  as  the  extent  of  cracking  increases. 

The  relationship  shown  for  t  =  800  days  illustrates  the 
significant  effect  which  creep  and  shrinkage  have  on  deflection 


■ 


131 


behaviour.  The  increase  in  deflection  due  to  creep  and  shrinkage  is 
significantly  greater  than  that  due  to  cracking.  A  similar  trend  is 
indicated  for  the  average  creep  and  shrinkage  properties  represented 
by  concrete  C2,  although  in  this  case  creep  and  shrinkage  deflections 
are  not  as  severe  as  for  the  high  creep  concrete.  The  relationships 
plotted  in  Figure  5.10  are  based  on  the  assumption  of  no  tension  in 
a  concrete  layer  after  cracking,  and  the  deflections  obtained  are 
therefore  more  severe  than  would  be  the  case  where  tensile  stiffen¬ 
ing  is  accounted  for  in  the  cracked  regions. 

5.3.4  Column  Width  to  Span  (c/L)  Ratio 

The  column  width  affects  deflections  in  two  ways.  In  the 
first  place,  a  reduction  in  column  width  increases  the  clear  span  to 
depth  ratio.  Secondly,  as  the  column  size  decreases  high  concentra¬ 
tions  of  moment  are  induced  at  the  columns  resulting  in  increased 
cracking  and  a  reduction  in  flexural  stiffness. 

Slabs  S9,  S10,  SI  1 ,  SI 2  and  S13  were  analyzed  with  c/L 
ratios  of  0.033,  0.067,  0.1,  0.15  and  0.20  respectively.  Loading 
history  L2  and  L/d  ratio  equal  to  30  were  used  in  each  case.  The 
stepped  stress  strain  diagram  in  tension  was  applied  to  this  series. 

Figure  5.11  shows  the  variation  of  mid-panel  deflection 
with  time  for  each  slab.  The  deflection  on  application  of  2  x  D.L. 
at  7  days  is  shown  in  each  case,  followed  by  the  gradual  increase 
in  deflection  with  time  due  to  the  sustained  load.  The  deflection 
at  800  days  for  c/L  =  0.2  was  0.295  inches  compared  with  0.65  inches 
for  c/L  =  0.033.  The  results  indicate  that  the  c/L  ratio  has  a 
significant  effect  on  both  short  and  long  time  deflections. 
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In  Figure  5.12  the  relationship  between  L/a  and  c/L  has  been 
plotted  at  t  =  800  days  and  at  t  =  7  days  (for  the  deflection  due  to 
the  reduced  load).  In  each  case  a  curve  has  been  drawn  through  the 
points  plotted.  For  the  case  of  t  =  800  days  the  curve  fits  the  points 
reasonably  well  whereas  at  t  =  7  days  more  scatter  is  evident.  This 
may  be  due  to  the  fact  that  a  discrepancy  in  the  smaller  deflection  at 
t  =  7  days  will  be  magnified  in  the  quantity  L/A.  In  Section  4.5.1  it 
was  observed  that  the  choice  of  mesh  layout  affects  the  instantaneous 
deflection  to  some  degree  and  the  long  time  deflection  to  a  propor¬ 
tionately  lesser  degree. 

Cracking  around  the  columns  occurred  in  all  the  slabs  con¬ 
sidered  in  this  series. 

5.3.5  Reinforcement  Layouts 

Reinforcement  is  required  by  the  1971  A.C.I.  Building  Code  to 
resist  the  design  moments  allocated  to  column  and  middle  strips.  The 
amount  of  reinforcement  provided  must  exceed  a  specified  minimum  amount 
for  temperature  and  shrinkage  effects.  The  slabs  of  the  parameter 
study  described  above  were  based  on  designs  satisfying  the  A.C.I.  code 
requirements  in  this  regard.  The  effects  of  two  other  layouts  were 
studied.  Compression  reinforcement  equal  in  amount  to  the  required 
tension  reinforcement  was  provided  in  one  case  and  in  the  other,  the 
negative  moment  steel  was  concentrated  in  the  column  strip. 

It  is  generally  well  known  that  compression  reinforcement 
reduces  creep  deflections.  This  was  illustrated  in  Chapter  4  in  terms 
of  the  Washa  and  Fluck  beam  results.  An  analysis  was  therefore  carried 
out  to  determine  the  effect  of  providing  compression  reinforcement  in 
amounts  equal  to  the  tension  reinforcement  for  two  way  construction. 
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Reinforced  concrete  floor  slabs  are  generally  under-stressed 

so  that  large  portions  of  the  slab  remain  uncracked  under  service 

conditions.  In  the  uncracked  state,  the  concrete  carries  most  of  the 

tensile  stress  and  relatively  little  is  carried  by  the  steel.  Cardenas 
(13) 

and  Kaarv  have  reported  results  of  a  field  test  of  a  flat  plate 
floor  system  in  which  all  negative  moment  steel  was  placed  in  the 
column  strip  and  none  in  the  middle  strip.  This  layout  is  more 
economical  than  the  conventional  layout  in  terms  of  placing  costs  but 
violates  the  1970  A.C.I.  code  requirements.  The  test  indicated  that 
the  load  carrying  capacity  was  satisfactory  and  that  serviceability 
requirements  (crack  widths  and  deflections)  were  also  satisfactory. 

This  layout  of  steel  was  considered  in  the  present  study. 

To  consider  the  effects  of  reinforcement  layout,  slabs  SI 4, 
S15,  S16,  Si 7 ,  Si 8  and  Si 9, having  the  same  dimensions  and  loading 
history  L2,  were  analyzed  with  the  following  concrete  properties 
and  reinforcement  layouts. 

51 4  -  concrete  Cl,  standard  reinforcement  layout 

515  -  concrete  Cl,  standard  layout  for  tension  steel  and 


51 6  -  concrete  Cl,  all  negative  moment  steel  in  column  strip 

51 7  -  concrete  Cl,  all  negative  moment  steel  in  column  strip 

and  A'  =  Ac 
s  s 

51 8  -  concrete  C2,  standard  reinforcement  layout 

51 9  -  concrete  C2,  standard  layout  for  tension  steel  and 


The  stepped  stress-strain  diagram  was  used  for  concrete  in  tension. 

Deflections  at  7  days  and  800  days  are  presented  in  Table  5.4 


i  ‘ 


134 


and  the  mid-panel  deflection  versus  time  relationship  is  plotted  in 
Figure  5.13  for  each  of  the  slabs  analyzed.  Comparing  the  extreme 
cases  of  s’!  4  and  S19,  it  can  be  seen  that  concrete  properties  and 
reinforcement  layout  have  a  significant  effect  on  long  time  deflec¬ 
tions  and  a  much  smaller  effect  on  short  time  deflections.  Placing 
all  the  negative  moment  reinforcement  in  the  column  strip  appears 
to  have  little  effect  on  the  deflection  behaviour  of  the  slab.  The 
deflections  for  S14  and  SI 6  are  approximately  equal  over  the  complete 
loading  range  with  the  deflection  of  S16  at  all  times  slightly  less 
than  that  of  SI 4.  There  is  however  a  difference  in  the  behaviour 
when  compression  steel  equal  to  the  tension  steel  is  added  as  indi¬ 
cated  by  comparing  S15  and  SI 7.  In  S17  all  of  the  compression  steel 
in  the  negative  moment  region  is  concentrated  in  the  column  strip  as 
is  the  tension  steel.  This  layout  appears  to  be  less  effective  in 
restraining  creep  deflections  than  the  case  where  the  compression 
steel  is  distributed  between  column  and  middle  strips. 

The  provision  of  compression  reinforcement  equal  in  amount 
to  the  tension  reinforcement  significantly  reduces  long-time  deflec¬ 
tions  for  both  layouts.  For  the  standard  layout  of  reinforcement, 
additional  long  time  deflections  due  to  creep  and  shrinkage  were 
reduced  by  47%  for  concrete  Cl  and  32 %  for  concrete  C2.  For  the 
alternative  layout  of  steel  the  additional  deflections  were  reduced 
by  32%  for  concrete  Cl . 

Cracking  occurred  in  all  cases  around  the  columns  and  to  a 
lesser  extent  in  the  positive  moment  regions  of  the  slab.  As  an 
example,  the  cracked  regions  produced  in  slab  S19  are  shown  in  Figure 
5.14.  No  attempt  is  made  to  show  crack  spacing  or  direction. 
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Extensive  cracking  is  seen  to  occur  in  the  negative  moment  region 
where  cracking  extended  to  a  distance  of  more  than  a  quarter  of  the 
span  for  the  column.  Cracking  in  the  positive  moment  region  occurred 
to  a  much  lesser  extent  as  illustrated  by  the  comparison  between 
distributions  of  normal  stress  at  the  corner  of  the  column  and  at  the 
centre  of  the  panel  shown  in  Figure  5.15. 

The  validity  of  the  linear  stress-strain  assumption  might 
be  questioned  for  the  stress  distribution  at  the  column  where  high 
compressive  stresses  are  produced.  However,  this  stress  distribution 
corresponds  to  the  high  short  time  load  equal  to  twice  the  dead  load 
and  the  load  immediately  reduces  by  almost  one  half  to  the  lower  sus¬ 
tained  load.  In  addition  the  high  stresses  are  localized  in  the 
immediate  vicinity  of  the  column. 

5.4  Summary 

This  chapter  describes  a  parameter  study  of  several  factors 
which  affect  deflections  of  flat  plate  floor  systems.  The  study  was 
restricted  to  a  square  interior  panel  under  a  time  variable  uniformly 
distributed  load.  Span  and  column  dimensions  were  varied  to  produce 
L/d  and  c/L  ratios  in  the  range  15  to  45  and  0.033-0.20  respectively. 
In  addition  concrete  properties,  loading  history  and  reinforcement 
layout  were  varied.  A  comparison  of  some  of  these  results  with 
empirical  formulae  currently  in  use  is  contained  in  Chapter  6. 
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Parameter 

Study 

Slab 

Vari ables 

Constants 

Cone . 

Tension 

L/d  =  45 

Material 

SI 

Cl 

NT 

Properties 

S2 

C2 

NT 

c/L  =  0.1 

(5.3.1) 

S3 

Cl 

ST 

S4 

C2 

ST 

Load  =  LI 

Load 

L/d  =  45  Conc=Cl 

Loadi ng 

S3 

LI 

History 

SI  4 

L2 

c/L  =  0.1 

(5.3.2) 

ST 

L/d 

L/d 

S5 

15 

c/L  =  0.1 

S6 

22.5 

Cone  =  Cl (except 

(5.3.3) 

S7 

30 

for  slab  S2  which 

S8 

37.5 

was  C2) 

SI 

45 

Load  =  L2 

S2 

45 

NT 

c/L 

S9 

0.033 

L/d  =  30 

c/L 

S10 

0.067 

Cone  =  Cl 

Sll 

0.10 

Load  =  L2 

(5.3.4) 

SI  2 

0.15 

ST 

SI  3 

0.20 

A 

A' 

s 

s 

Reinforcing 

S14 

Std. 

- 

L/d  =  45 

SI  5 

Std . 

As 

(5.3.5) 

S16 

Col . 

c/L  =  0.1 

SI  7 

Col. 

As 

Cone  =  Cl (except 

S18 

Std. 

- 

that  S18  and  S19 

S19 

Std. 

As 

were  C2) 

Load  =  L2 

ST 

NOTE ;  NT  -  no  tension  In  layer  after  cracking 


ST  -  stepped  stress  strain  diagram 
Std.  -  standard  reinforcement  layout 

Col.  -  negative  moment  reinforcement  all  in  column  strip 


TABLE  5.2  SUMMARY  OF  SLABS  IN  EACH  PARAMETER  STUDY 
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Slab  Nr 

Nr  of  Elements 

C.P.U.  Time 
(secs) 

Nr  of  Cracking 
Iterations 

Nr  of  Time 
Steps 

SI 

15 

704 

23 

13 

S2 

15 

711 

24 

13 

S3 

15 

545 

14 

13 

S4 

15 

622 

19 

13 

S5 

15 

312 

0 

13 

S6 

15 

392 

4 

13 

S7 

15 

502 

12 

13 

S8 

15 

559 

14 

13 

S9 

24 

659 

8 

11 

SIO 

15 

364 

6 

11 

Sll 

15 

328 

4 

11 

SI  2 

15 

327 

4 

11 

SI  3 

15 

326 

4 

11 

S14 

24 

617 

7 

11 

S15 

24 

616 

7 

11 

S16 

24 

604 

7 

11 

SI  7 

24 

630 

7 

11 

SI  8 

24 

704 

7 

11 

S19 

24 

798 

12 

11 

C.P.U.  =  Central  Processing  Unit 


TABLE  5.3  NUMBER  OF  ELEMENTS  AND  MACHINE  TIME  FOR  EACH  ANALYSIS 
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Slab 

Deflection  (inches) 

t=7  days 
Load=2xD.L. 

t=7  days 

Load=lxD.L.+0.2xL.L. 

t=800  days 

Load=lxD.L.+0.2xL.L. 

S14 

1.169 

0.725 

2.383 

S15 

1.077 

0.667 

1.545 

S16 

1.112 

0.688 

2.344 

SI  7 

1.063 

0.663 

1 .794 

SI  8 

1.015 

0.657 

1.494 

S19 

0.961 

0.626 

1.195 

TABLE  5.4  MID-PANEL  DEFLECTIONS  FOR  SLABS  CONSIDERED  IN 


STUDY  OF  REINFORCEMENT  LAYOUTS 
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FIGURE  5.1 


MULTI  PANEL  FLOOR  SYSTEM  CONSISTING  OF 
SQUARE  PANELS  SUPPORTED  ON  SQUARE  COLUMNS 
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BOUNDARY  CONDITIONS: 

dw 


AB,  DC  - 


d2w 


dy  dxdy 


=  0 


ED,  BC  - 


dw  <^w 


dx  dxdy 


=  0 


k  dw  dw  d2w 

AF'  EF  ‘  w=  dx  Z  dy  ''dxdy 


=  0 


FIGURE  5.2  BOUNDARY  CONDITIONS  FOR  QUADRANT  OF 


TYPICAL  INTERIOR  PANEL 
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TOTAL  STATIC  MOMENT 
M_ 


NEGATIVE  MOMENT 
0.65  M_ 


POSITIVE  MOMENT 
0.35  M 


COLUMN  STRIP 
0.75x0.65  M_ 


MIDDLE  STRIP 
0.25x0.65  M. 


COLUMN  STRIP 
0.60x0.35  M. 


MIDDLE  STRIP 
0.40x0.35  M 


0.4875  Mrt  +  0.1625  M„  +  0.210  M  +  0.140  M  =  M 

0  0  0  0  0 


FIGURE  5.3  DISTRIBUTION  OF  TOTAL  STATIC  MOMENT  IN  PANEL 
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(b)  BOTTOM  REINFORCEMENT 
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(c)  DEPTH  OF  REINFORCEMENT 


FIGURE  5.4  REINFORCEMENT  LAYOUT  FOR  QUADRANT  OF 


INTERIOR  PANEL 
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FIGURE  5.5  STEPPED  STRESS  STRAIN  DIAGRAM  FOR 


CONCRETE  IN  TENSION 
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FIGURE  5.6  DEFLECTION  TIME  CURVES  SI,  S2,  S3,  S4 
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TIME  (doys) 

7 

9 

13 

21 

21 

21 

23 

28 

40 

80 

200 

400 

800 

APPLIED  LOAD 
( PS.f) 

150 
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150 

200 
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110 

no 

no 

no 

no 

no 

no 

D. L.  =  100  p.s.f.  L.L.  =  50p.s.f. 


TIME  (days) 

7 
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80 

160 

300 
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800 

APPLIED  LOAD 
(P.s.f.) 

200 

no 
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no 

no 
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no 

no 

110 

no 

FIGURE  5.7  LOADING  HISTORIES  LI,  L2 
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FIGURE  5.8  DEFLECTION-TIME  CURVES  S3,  S14 
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FIGURE  5.9  DEFLECTION-TIME  CURVES  S5,  S6,  S7,  S8,  SI 
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FIGURE  5.11  DEFLECTION-TIME  CURVES  S9,  S10,  Sll,  S12,  S13 
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FIGURE  5.12 


RELATIONSHIP  BETWEEN  L/A  AND  c/L 
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FIGURE  5.13  DEFLECTION-TIME  CURVES  S14,  S15,  S16,  S17,  S18,  S19 
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FIGURE  5.14  CRACKED  REGIONS  IN  SLAB  SI 9 
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FIGURE  5.15  SLAB  S19  -  STRESS  DISTRIBUTIONS 
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CHAPTER  6 

SIMPLIFIED  PROCEDURES  FOR  COMPUTING  SLAB  DEFLECTIONS 

6.1  Introduction 

The  purpose  of  this  chapter  is  to  examine  available  simplified 
procedures  for  computing  deflections  of  flat  plate  floor  slabs  in  the 
light  of  the  results  of  the  brief  parameter  study  described  in  Chapter 
5.  The  approximate  computation  of  deflections  will  be  considered  in 
three  stages, 

a)  short  time  deflection  of  an  uncracked  slab 

b)  short  time  deflection  including  the  effect  of  cracking 

c)  long  time  deflection 

6.2  Short  Time  Deflection  of  an  Uncracked  Slab 

The  deflection  of  a  rectangular,  elastic  plate  under  uniform 

(47) 

transverse  load  q  may  be  expressed  in  the  formv  ' 


where  D  »  — — — represents  the  plate  flexural  rigidity  and  K  is  a 
12(1  -v  ) 

factor  which  depends  on  boundary  conditions  and,  in  the  case  of  a 
rectangular  plate,  on  the  ratio  of  long  to  short  span.  Poisson's  ratio 
v,  can  be  seen  to  have  a  minor  effect  on  the  computation  of  deflections, 
since  by  Equation  (6.1)  the  difference  in  A  produced  by  reducing  v  from 
0.15  (the  value  used  in  the  computer  analysis),  to  a  value  of  zero  is 
2.25%.  The  plate  flexural  rigidity  D  may  therefore  be  replaced,  with 

3 

a  small  decrease  in  accuracy  by  the  beam  rigidity  El  where  I  =  1/12  bd 
and  b  equals  unity.  Equation  (6.1)  may  then  be  written  as. 
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4 


(6.2) 


However,  in  a  reinforced  concrete  slab  the  value  of  I  is  a  function 
of  position  since  the  amount  of  reinforcement  varies  throughout  the 
slab. 

Elastic  plate  solutions  for  a  typical  interior  panel,  based 

on  the  finite  difference  approach  have  been  obtained  at  the  University 

(49) 

of  Illinois  and  were  reported  by  Vanderbilt,  Sozen  and  Si  ess v  . 

The  parameters  considered  were  the  c/L  ratio,  beam  to  slab  stiffness 
ratio  and  aspect  ratio  (short  span/long  span).  The  values  of  K,  in 
Equation  (6.1)  presented  by  Vanderbilt  for  the  flat  plate  (beam  stiff¬ 
ness  equal  to  zero),  for  three  c/L  ratios,  0.0,  0.1  and  0.2,  and  four 
aspect  ratios  (s/L)  0.4,  0.6,  0.8  and  1.0  are  shown  in  Figure  6.1.  An 
expression  for  K  which  fits  the  plotted  points  reasonably  well  is  given 
by  Equation  (6.3) 

K  =  [0.00774(s/L)2  -  0.00588(s/L)  +  0.00395][l-2.5^]  (6.3) 

which  for  a  square  slab  (s/L  =  1.0)  reduces  to, 


(6.4) 


K  =  0.00581 (1-2. 5c/L) 


Equation  (6.3)  is  plotted  in  Figure  6.1  as  a  set  of  dashed  lines.  It 
should  be  noted  that  Equation  (6.3)  and  Equation  (6.4)  are  applicable 
only  for  the  range  of  c/L  and  s/L  shown. 

In  order  to  illustrate  the  effect  of  reinforcement  on  the 
deflection  of  the  uncracked  slab,  values  of  K  were  computed  by  sub¬ 
stituting  in  Equation  (6.2), 


•  -  ' 
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a)  deflections  obtained  by  the  present  analysis  (including 
reinforcement)  on  first  application  of  load, 

b)  the  modulus  of  elasticity  used  in  the  analysis  in  each 


case,  and 


steel . 


j 

c)  the  gross  moment  of  inertia,  I  =  1/12*1  * d  ,  neglecting 


These  values  of  K  are  tabulated  in  column  6  of  Table  6.1  and 
are  plotted  in  Figure  6.1.  All  values  are  seen  to  lie  below  the 
corresponding  line  for  homogeneous  elastic  plate  deflections  indicating 
the  effect  of  the  increased  stiffness  due  to  steel.  Several  slabs  were 
analyzed  for  a  c/L  ratio  of  0.1  with  varying  L/d  ratios  and  consequently, 
varying  percentages  of  reinforcing.  The  reduction  in  K  obtained,  ranged 
from  7.5%  to  22.5%  for  these  slabs.  For  an  8  inch  slab  containing  1% 
tension  steel,  the  increase  in  moment  of  inertia  due  to  steel  is 
approximately  15%.  If  an  equal  amount  of  compression  steel  is  included, 
the  increase  is  approximately  34%. 

An  effective  moment  of  inertia  for  each  slab,  to  include  the 
effect  of  steel  was  computed  by  substituting  Equation  (6.3)  for  K  into 
Equation  (6.2)  and  using  the  deflection  of  the  uncracked  slab  obtained  by 
the  present  analysis.  These  values  are  shown  in  Table  6.1  as  IST. 

The  average  value  of  computed  in  this  way  was  15%  greater  than  the 

3 

gross  moment  of  inertia  I  =  42.67  in  /in. 

While  the  presence  of  steel  increases  the  effective  moment  of 
inertia  of  the  slab,  consideration  must  be  given  to  cracking  which 
reduces  the  effective  moment  of  inertia. 


6.3  Short-time  Deflection  Including  Cracking 
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Considerable  effort  has  been  directed  towards  the  problem  of 
computing  short  time  deflections  of  cracked  reinforced  concrete  beams. 
The  problem  has  generally  been  considered  in  two  parts, 

a)  Computation  of  the  stiffness  (El)  in  a  cracked  region 
and  b)  Effect  of  variation  of  stiffness  throughout  the  member. 

Several  procedures  proposed  in  the  literature  have  been 
reviewed  in  Ref.  (4).  Of  these,  a  method  proposed  by  Branson  has  been 
adopted  for  use  in  the  1970  A.C.I.  Building  Code.  Branson's  empirical 
expression  for  the  effective  moment  of  inertia  I  ^  in  a  cracked  region 
has  been  discussed  in  Section  4.3.1.  The  expression  for  1^  is  given 
as , 

Mr  4  Mr  4 

Ieff  =  (m¥  Ig  +  0  -  (/)4)  Icr  (6.5) 

To  obtain  the  average  value  of  in  a  span,  Branson 
recommends  that  the  power  4  be  reduced  to  3  and  M  be  replaced  by  Mmax, 
the  maximum  moment  in  the  region.  Equation  (6.5)  is  then  written  as 

Ieff  =  (*i)3  +  0 '  (ft)3)  Icr  (6-6) 

which  is  the  expression  used  in  the  A.C.I.  code. 

In  Ref.  (5)  it  is  suggested  that  Equation  (6.6)  also  be  used 
in  computing  deflections  for  interior  panels  of  slabs  using  average 
values  of  1^  computed  in  the  following  manner, 

a)  flat  plates  -  use  the  average  of  the  values  of  1^ 
computed  for  the  positive  and  negative  moment  regions  in  the  long 
direction  column  strip, 

b)  two  way  slabs  -  use  the  average  of  the  values  of  I  ^ 


■ 
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computed  for  the  positive  and  negative  moment  regions  in  the  short 
direction  middle  strip. 

Values  of  computed  in  this  manner  for  the  flat  plates 

considered  in  the  parameter  study  are  shown  in  Table  6.1.  In  each 

case  was  computed  using  the  design  moment  from  the  Direct  Design 

Method  of  the  1970  A.C.I.  code  as  M  .  The  ratio  fr0m  the 

max  uc  cr 

present  computer  analysis  is  also  shown  in  Table  6.1  for  each  slab, 
where  represents  the  deflection  at  7  days  assuming  no  cracking  and 
Acr?  represents  the  deflection  at  7  days  allowing  for  cracking,  both 


deflections  obtained  at  the  same  load. 


(7) 


A  V  '  '  I  j~r 

UC  6  it 

Figure  6.2  shows  the  values  of  — ryj  and  ^ — L  plotted  for 

cr  y 

various  c/L  ratios.  In  this  series  of  slabs  (S9-S13),  cracking  occurred 
only  in  the  vicinity  of  the  columns  and  it  can  be  seen  that  computing 
the  average  1^^  on  the  basis  of  the  column  strip  only,  underestimates 
the  stiffness  of  the  slab  as  a  whole.  Better  agreement  is  obtained 
with  the  computer  results  by  using  the  average  I0^  computed  on  the 
basis  of  both  column  and  middle  strips.  As  cracking  extends  into  the 
positive  moment  region,  particularly  in  the  middle  strip,  the  value  of 
computed  for  the  column  strip  only,  tends  towards  the  average 
value  for  the  slab.  This  is  the  case  for  slabs  S14-S19  where  the  agree¬ 
ment  between  A^/A^  and  Ieff/Ig  (where  leff  is  computed  using  average 
values  in  the  column  strip  only)  is  better  than  for  the  slabs  discussed 
previously. 

The  correlation  between  a^/a^  and  Ie^/I  is  shown  in 
Figure  6.3  for  all  the  slabs  analyzed.  In  the  cases  where  no  tension 
is  assumed  in  a  cracked  layer,  the  computer  analysis  yields  a  higher 
cracked  slab  deflection  than  that  indicated  using  Branson's  expression 


* 

-  .>  ■  vs-q 


160 


which  takes  into  account  the  stiffening  effect  of  concrete  between 
cracks.  Computing  !eff  on  the  basis  of  both  column  and  middle  strips 
would  have  the  effect  of  increasing  the  discrepancy. 

The  remaining  slabs  were  analyzed  on  the  basis  of  the  stepped 
stress  strain  diagram  in  tension.  In  cases  where  no  cracking  occurred 
in  the  positive  moment  region,  the  computer  analysis  produced  a 
smaller  deflection  than  that  indicated  by  I  ^  based  on  the  column 
strip  only,  whereas  for  those  cases  in  which  cracking  did  occur  in 
the  positive  moment  region,  neither  procedure  consistently  produced  a 
higher  deflection  than  the  other. 

Although  the  discussion  in  this  section  has  been  based  on 
the  gross  moment  of  inertia  neglecting  steel,  the  same  trend  would  be 
shown  if  I  were  to  be  replaced  by  a  value  of  I  which  included  the 
effect  of  reinforcing  steel,  as  long  as  this  value  was  used  to  compute 

^ff 

6.4  Long-time  Deflection 

Simplified  procedures  have  been  presented  in  the  literature 
for  the  computation  of  long  time  deflection  of  beams.  A  review  of 
proposed  methods  is  given  in  Ref.  (4).  In  general  these  simplified 
methods  involve  multiplying  the  computed  short  time  deflection  by  a 
factor  to  obtain  the  additional  long  time  deflection.  Such  an  approach 
has  been  presented  recently  in  Ref.  (5),  where  the  additional  long-time 
deflection  due  to  creep  and  shrinkage  effects  is  given  by  the 
following  expressions 

Ati  =  Ct  Ai  ^6*7^ 

Ati  =  Tt  Ai 


(6.8) 
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where  =  creep  strain/initial  strain  *  creep  coefficient  and  Tt  is  an 
empirical  factor  lumping  creep  and  shrinkage  effects  together.  Equation 
(6.7)  is  intended  for  use  when  creep  and  shrinkage  effects  are  con¬ 
sidered  separately.  This  expression  gives  the  correct  value  of  creep 
deflection  only  when  the  stress  condition  in  the  member  remains  constant 
with  time,  since  is  defined  for  constant  stress.  Due  to  the  inter¬ 
action  between  concrete  and  steel,  concrete  stresses  tend  to  decrease 
with  time.  To  account  for  this,  a  factor  k^  is  introduced, 

kp  =  0.85  -  0.45(A^/As)  >  0.40  (6.9) 

or  kr  =  1.0  -  0.6(A^/AS)  >  0.40  (6.10) 


Equation  (6.9)  applies  to  the  creep  only  case  while  Equation  (6.10) 
applies  to  the  case  of  creep  and  shrinkage.  Equation  (6.7)  and  Equation 
(6.8)  are  then  re-written  as  follows, 


At  =  kr  ct  Ai  (6.11) 

At=krTtA.  (6.12) 

The  1970  A.C.I.  code  recommends  Equation  (6.12)  for  computation  of  long¬ 
time  deflections  with  an  ultimate  value  of  Tt  =  2.0,  thereby  taking  no 
account  of  variations  in  material  properties. 

Ref.  (5)  recommends  that  the  same  method  be  used  for  comput¬ 
ing  long  time  deflections  in  two  way  construction  as  is  used  for  beams. 

A  limited  evaluation  of  the  simplified  procedure  was  made  in  relation 
to  the  results  of  the  computer  study. 

The  creep  coefficients  (ultimate  values)  for  concretes  Cl  and 
C2  used  in  the  parameter  study  were  3.94  and  2.10  respectively.  The 
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factor  was  computed  from  Equation  (6.9)  for  each  slab.  The  quantity 

k^  (Cu  =  ultimate  value  of  Ct)  is  shown  in  Table  6.1  for  each  slab. 

Each  of  the  analyses  carried  out  for  the  parameter  study  involved  both 

creep  and  shrinkage  effects.  No  attempt  however  has  been  made  to 

evaluate  the  additional  deflection  due  to  shrinkage  curvature  by  simpli- 

At  ,(800)  (7) 

fied  procedures.  From  the  computer  results  the  quantity  —  =  - - 

(8001  ^  ^ 
has  been  computed  where  Av  1  represents  the  deflection  at  800  days 

(taken  as  ultimate  deflection  here)  and  A^  represents  the  deflection 

at  7  days  (including  the  effect  of  any  cracking  which  takes  place). 

In  the  case  of  loading  history  L2  the  deflection  considered  at  7  days 

is  that  due  to  a  load  of  1  D.L.  +  0.2  L.L. 

At 

The  correlation  between  k  C  and  —  is  shown  in  Figure  6.4. 

r  u  A.j  J 

The  slabs  analyzed  by  loading  history  LI  are  represented  by  circles  in 
Figure  6.4.  For  these  cases  the  comparison  between  computer  results 
and  simplified  procedure  is  not  strictly  valid  since  the  simplified 
procedure  is  intended  to  be  used  with  a  constant  sustained  load  whereas 
the  load  varies  with  time  for  loading  history  LI.  However,  these 
results  are  included  since  it  was  shown  in  Chapter  5  that  the  variation 
in  loading  between  LI  and  L2  had  a  relatively  small  effect  on  the 
deflections.  Since  shrinkage  curvature  was  not  included  in  the  computa¬ 
tion  by  the  simplified  approach  it  would  be  expected  that  the  computer 
results  would  yield  a  greater  long  time  deflection.  It  can  be  seen 
from  Figure  6.4  that  this  is  not  always  the  case  and  no  consistent 
trend  appears  to  be  evident.  Of  the  eleven  analyses  carried  out  using 
a  constant  sustained  load,  the  simplified  computation  agreed  with  the 
computer  result  within  20%  in  seven  cases,  within  25%  in  ten  cases  and 
for  the  remaining  case  the  discrepancy  was  slightly  over  25%. 
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For  a  complete  assessment  of  the  simplified  approach,  further 
studies  are  required.  However,  if  the  present  analysis  is  considered 
reliable,  it  is  apparent  that  further  improvements  are  required  to  the 
simplified  approach  before  it  may  be  considered  reliable.  In  particu¬ 
lar,  the  factor  should  be  considered  carefully.  The  primary  purpose 
of  is  to  account  for  the  effect  of  compression  reinforcement  in 
reducing  creep  deflections  and  to  a  lesser  extent  for  the  movement  of 
the  neutral  axis  with  time  at  a  cracked  cross-section.  If  no  cracking 
occurs  at  a  section,  the  tension  reinforcement  has  exactly  the  same 
effect  as  compressive  reinforcement  in  restraining  creep  deflections 
(assuming  tensile  and  compressive  response  to  be  the  same  for  concrete). 
Stress  is  gradually  transferred  from  concrete  to  steel  with  time  whereas 
when  a  crack  occurs,  the  stress  is  immediately  transferred  to  the  steel. 
It  would  appear  therefore  that  in  the  computation  of  long  time  deflec¬ 
tion  in  terms  of  initial  deflection,  some  factor  should  be  introduced 
to  account  for  the  degree  of  cracking. 

6.5  Summary 

In  this  chapter  the  results  of  the  computer  analysis  have 
been  compared  with  available  simplified  procedures  for  computing  slab 
deflections  where  cracking,  creep  and  shrinkage  take  place.  In  addi¬ 
tion,  the  effect  of  reinforcing  steel  on  the  overall  stiffness  of  the 
uncracked  slab  has  been  examined.  Although  the  evaluation  of  the 
simplified  procedures  was  somewhat  limited  in  nature,  certain 
inadequacies  of  the  current  state  of  the  art  were  brought  to  light. 
Suggestions  are  made  in  the  next  chapter  for  further  studies  directed 
at  a  more  complete  evaluation  of  the  simplified  procedures.  It  should 
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be  noted  however  that  for  many  practical  situations,  the  agreement 
obtained  between  the  computer  results  and  simplified  procedures  would 
be  considered  adequate. 
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TABLE  6.1  DEFLECTIONS,  MOMENTS  OF  INERTIA  AND  FACTORS  USED  IN  THE  COMPARISON  BETWEEN  SIMPLIFIED 
PROCEDURES  AND  THE  PRESENT  COMPUTER  ANALYSIS 
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(a from  computer  results  ) 


-FINITE  DIFFERENCE  SOLUTION  (Ref.49) 
Eq.  6  2 
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FIGURE  6.1  K  vs  c/L  (UNCRACKED  SLABS) 
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FIGURE  6.2 


COMPARISON  BETWEEN  COMPUTER  ANALYSIS  AND 
SIMPLIFIED  PROCEDURES  FOR  CRACKING 
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FIGURE  6.3  COMPARISON  BETWEEN  COMPUTER  ANALYSIS  AND  BRANSON'S 


METHOD  FOR  DEFLECTIONS  OF  CRACKED  SLABS 


(COMPUTER  ANALYSIS) 
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FIGURE  6.4  COMPARISON  BETWEEN  COMPUTER  ANALYSIS  AND 


SIMPLIFIED  PROCEDURE  FOR  LONG  TIME  DEFLECTIONS 
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CHAPTER  7 

SUMMARY,  CONCLUSIONS  AND  RECOMMENDATIONS 

7.1  Summary 

A  finite  element  approach  to  the  analysis  of  reinforced  con¬ 
crete  floor  slabs  has  been  presented  which  includes  the  effects  of 
cracking  and  time-dependent  strains. 

The  analysis  for  cracking  involves  an  iterative  procedure 
in  which  the  slab  is  initially  considered  to  be  in  an  uncracked  state. 

The  slab  is  treated  as  a  layered  plate  and  principal  stresses  are 
computed  for  each  layer  throughout  the  slab.  Principal  tensile  stresses 
are  compared  with  a  specified  limiting  tensile  stress  and  if  the  limit¬ 
ing  stress  is  exceeded,  the  constitutive  relations  for  the  layer  are 
modified  to  reflect  the  reduced  stiffness  due  to  cracking.  The  analysis 
is  repeated  until  a  stage  is  reached  when  no  further  cracking  is 
detected. 

In  under-reinforced  sections,  concrete  between  cracks  may  have 
an  important  effect  on  the  stiffness  of  the  member.  To  account  for  this, 
the  concept  of  a  stepped  stress-strain  diagram  for  tensile  stresses  was 
introduced,  in  which  the  modulus  of  elasticity  for  concrete  in  tension 
is  reduced  in  a  step-wise  fashion  as  cracking  proceeds.  In  effect, 
the  tensile  stress  strain  diagram  for  concrete  is  assumed  to  have  an 
unloading  portion  instead  of  the  brittle  type  of  failure  normally 
attributed  to  concrete  in  tension.  The  moment  curvature  diagram  for  a 
section  obtained  on  this  basis  was  compared  with  an  empirical  expres¬ 
sion  based  on  experimental  data. 

An  incremental  procedure  with  respect  to  time  is  used  to 
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trace  the  stress  and  strain  history  for  a  given  applied  load  history. 
Concrete  is  treated  as  an  ageing  linear  visco-elastic  material  and 
steel  as  a  linear  elastic  material.  At  each  increment  in  time  a  com¬ 
plete  analysis  is  carried  out  using  the  initial  strain  method  in  which 
a  set  of  equivalent  loads  accounts  for  the  effects  of  inelastic  strains. 

A  limited  verification  of  the  mathematical  model  was  obtained 
in  applications  to  problems  for  which  classical  or  experimental  results 
were  available.  The  model  was  then  applied  in  a  parameter  study  of  a 
number  of  factors  which  affect  deflections  of  flat  plate  floor  slabs. 

A  brief  comparison  with  available  simplified  procedures  for 
the  computation  of  short  and  long  time  deflections  was  carried  out, 
based  on  the  results  of  the  parameter  study. 

7.2  Conclusions 

The  mathematical  model  developed  in  this  dissertation  is 
capable  of  providing  useful  information  related  to  the  problem  of  time- 
dependent  deformations  of  reinforced  concrete  floor  slabs.  Although 
a  large  number  of  simplifying  assumptions  have  been  introduced,  the 
model  has  produced  reasonable  correlation  with  available  experimental 
data. 

From  the  results  of  the  parameter  study  on  flat  plate  floor 
slabs,  the  following  points  are  worth  noting. 

1.  The  primary  consideration  in  terms  of  short  time  deflec¬ 
tions  is  the  slenderness  (L/d)  ratio.  Not  only  do  deflections  increase 
rapidly  with  this  factor  in  the  uncracked  state,  but  for  a  given  load¬ 
ing,  concrete  stresses  also  increase  rapidly  leading  to  increased 
cracking  and  reduced  stiffness  (see  Figure  5.10). 
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2.  The  column  width  to  span  (c/L)  ratio  is  also  important. 

An  increase  in  this  factor  from  0.0  to  0.2  results  in  a  reduction  in 
deflection  of  approximately  50%  for  the  uncracked  slab  (Figure  6.1). 

In  addition,  as  the  column  width  decreases,  the  clear  span  increases, 
leading  to  increased  cracking,  particularly  around  the  columns. 

3.  The  results  of  the  parameter  study  underline  the  need  to 
consider  the  creep  and  shrinkage  characteristics  of  the  concrete  when 
evaluating  long  time  deflections. 

4.  The  effect  of  reinforcement  in  restraining  creep  and 
shrinkage  deformation  has  been  evaluated.  It  is  generally  well  known 
that  compression  reinforcement  has  a  beneficial  effect  in  reducing 
long  time  deflections.  In  an  uncracked  section,  the  tensile  reinforce¬ 
ment  has  the  same  effect  (assuming  creep  behaviour  to  be  the  same  in 
both  tension  and  compression)  leading  to  a  gradual  transferral  of 
stress  from  concrete  to  steel.  The  restraint  to  creep  deformation 
depends  on  the  amount  of  steel  present,  in  that,  for  small  reinforce¬ 
ment  ratios  there  is  less  restraint  available.  This  will  generally 
lead  to  larger  creep  deflections  relative  to  instantaneous  deflections 
for  lightly  reinforced  sections. 

The  limited  comparison  of  results  obtained  by  the  computer 
analysis  with  those  from  simplified  calculation  procedures  indicates 
that  reasonable  results  may  be  obtained  using  the  simplified  proce¬ 
dures  but  that  the  procedures  are  not  sufficiently  developed  to 
reliably  predict  long  term  deflections  of  slabs.  Further  studies  are 
required  for  a  complete  assessment  of  such  procedures. 

7.3  Recommendations  for  Future  Studies 
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In  terms  of  the  analytical  model  it  may  be  desirable  to 
examine  the  following  areas  in  more  detail. 

a)  The  constitutive  relations  have  been  specialized  for 
the  case  of  orthotropy  in  the  global  coordinate  system.  The  effect 
of  considering  cracks  oriented  perpendicular  to  the  principal  tensile 
stress  directions  could  be  studied  as  well  as  arbitrary  steel  layouts. 

b)  By  introducing  additional  in-plane  degrees  of  freedom 
in  the  analysis  the  effect  of  restraint  to  shrinkage  deformations  at 
the  boundaries,  as  well  as  T-beam  action  could  be  studied.  This  will 
however  increase  the  number  of  degrees  of  freedom  by  fifty  percent. 

The  analysis  may  be  extended  to  include  the  interaction  of  beam  and 
column  elements  which  would  be  useful  for  further  parameter  studies. 
These  studies  could  be  carried  out  with  a  view  to  producing  design 
charts  suitable  for  use  in  engineering  practice. 

Further  parameter  studies  should  also  be  aimed  at  assessing 
the  effects  of, 

a)  misplacement  of  reinforcement. 

b)  designs  based  on  various  ratios  of  live  to  dead  load. 

c)  separation  of  creep  and  shrinkage  effects. 

d)  development  of  simplified  procedures. 

e)  deflections  in  edge  and  corner  spans. 

Item  (d)  is  an  important  consideration  since  the  type  of 
analysis  developed  in  this  work  requires  a  large  amount  of  computer 
time.  Particular  attention  should  be  paid  to  the  computation  of  long¬ 
time  deflection  as  a  multiple  of  short-time  deflection  by  the  pro¬ 
cedures  discussed  in  Chapter  6.  The  present  method  of  analysis  may  be 
used  to  evaluate  creep  and  shrinkage  effects  separately  or  together 
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for  this  purpose. 

The  factor  kr  of  Equation  (6.11)  and  (6.12)  may  be  examined 
for  variations  in  creep  and  shrinkage  characteristics,  tension  and 
compression  reinforcement  and  degree  of  cracking.  Such  studies  should 
first  be  made  for  beams  before  considering  two-way  construction. 
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and  assuming  a  linear  stress  variation  and  average  values  for  A^t)  in 
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the  time  step  t  -  At'  to  t^  we  obtain, 
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Equation  (A. 6)  may  now  be  written  as. 
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If  it  is  now  assumed  that  for  the  time  step  t  +  t  +  At  the 
stress  variation  is  again  linear,  and  using  average  values  for  A^(x) 
and  D(x )  in  the  interval,  we  obtain, 
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where  E(t+At)  is  referred  to  by  Selna  as  the  pseudo-instantaneous  mod¬ 
ulus  of  elasticity  at  time  t  +  At,  Equation  (A. 10)  becomes 
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e  (t+At)  is  the  shrinkage  strain  at  time  t  +  At. 
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e ' (t+At)  =  - * - +  eTCt) 

y  E (t+At)  E(t+At)  y 


ay(t)  wx(  t) 

_E(t+At)  E  Ct+At ) 


-  C  (t) 


+  [Bi (t+At)-Bi (t)][Vyi(t)-vVxi(t)]  +  £s(t+At) 


(A. 14) 


T  \(t+  t)  j 

Yxv(t+At)  =  2(l+v)  y  -  +  y  (t)  -  2(l+v)- 

Xy  E(t+At)  xy  E(t+At) 


+  2(^)1^  (t+AtM^tJlV^U) 


(A. 15) 


The  total  strain  at  time  t+At  may  thus  be  expressed  as  the 
sum  of  instantaneous  elastic,  creep  and  shrinkage  strains. 

1/E(t+At)  -v/E(t+At) 


r  a 

£x( t+At ) 

< e^(t+At) 

>  = 

Yxy(t+At) 

-v/E(t+At)  1/E(t+At) 


2(1 +») 

E ( t+At ) 


ax(t+At) 

Ex(t+At) 

(t+At 

ay ( t+At) 

+  < 

Cy(t+At) 

es (t+At 

ixy(t+At) 

Y^ytt+At) 

*  M 

0 

(A. 16) 

Equation  (A. 16)  applies  to  isotropic  materials.  For  this  work, 
it  is  extended  to  the  orthotropic  case  by  modifying  the  pseudo- 
instantaneous  compliance  matrix  to  obtain, 


■ 


X 


. 
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c  ■> 

£>At) 

1/Ex(t+At)  -v  /E  (t+At) 

°x(t+At) 

ex(t+At) 

/-  ^ 

e$(t+At) 

Ey (t+At) 

f 

-vx/Ex(t+At)  1/Ey(t+At) 

a  (t+At) 
(  y 

+ 

£y ( t+At ) 

e$(t+At)> 

Yxy(t+At: 

.  .  2(l+v)/E(t+At) 

Txy(t+A^ 

) 

Yxy(t+At) 

0 

-  > 

*—  — 

J 

W  J 

^  J 

(A. 17) 

From  Equation  (A. 17),  stresses  at  time  t  +  At  may  be 
expressed  as, 


r  I 

r  1 

ax(t+At) 

Ex (t+At ) 

vxEy(t+At) 

• 

ex(t+At)  -  Ex(t+At) 

*  OyU+At) 

►  - 

VyE^t+At) 

(1‘vxV 

E  (t+At) 

• 

< 

eJ(t+At)  -  by (t+At)  - 

TXy(t+At) 

• 

• 

YXy(t+At)  -  YXy(t+At) 

F 

«r  / 

or  {o(t+at)}  =  [C(t+At)]  { eE ( t+At) }  (A. 18) 


where  [C(t+At)]  represents  the  pseudo-instantaneous  constitutive  matrix 
at  time  t  +  At. 

An  examination  of  Equations  (A. 8)  and  (A. 13)  indicate  that 
the  quantity  e*(t+At)  may  be  computed  using  information  obtained  from 
the  two  previous  times,  t  and  t=At'.  This  numerical  integration  tech¬ 
nique  is  based  on  two  main  approximations. 
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and 


a)  The  stress  variation  in  any  time  increment  is  linear, 


b)  The  values  A. (t)  and  D(x)  are  assumed  to  be  constant 
in  the  time  interval  and  equal  to  the  average  of  the  values  at  the 
beginning  and  end  of  the  time  interval. 

Equation  (A. 11)  may  be  rewritten  as 


1  _  C(  t  +  At  ,t  +  At)  +  C  (t+At  ,t)  ^  -jgj 

E(t+At)  2 

Figure  A.l  shows  the  relationship  between  1/E(t+At)  and  the 
length  of  the  time  step  At.  It  is  apparent  that  E(t+At)  decreases  for 
increasing  At.  This  effect  is  more  marked  for  earlier  time  t  in  an 
ageing  material  such  as  concrete  and  it  can  be  seen  that  the  accuracy 
of  the  procedure  may  be  improved  by  decreasing  the  time  step  size. 


I  f*l 
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CO 
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+ 


CM 


< 

+ 


<J 


FIGURE  A.l  PSEUDO  INSTANTANEOUS  MODULUS-EFFECT  OF  INCREASING  TIME  INCREMENT 


/ 
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A. 2  Formulation  of  Alternative  Numerical  Integration  Procedure 
The  technique  described  above  based  on  the  concept  of  a 
pseudo-instantaneous  modulus  was  shown  by  Selna  to  produce  good  correla¬ 
tion  with  experimental  data  and  was  used  throughout  the  present  investi¬ 
gation.  However,  an  alternative  procedure  may  be  developed  in  a  similar 
manner  where  the  analysis  at  any  time  t  +  At  is  based  on  the  actual 
instantaneous  modulus.  That  is,  the  strains  are  expressed  in  terms  of 
the  instantaneous  modulus  E(t+At)  =  1/C(t+At ,t+At)  rather  than  the 
pseudo  modulus  E(t+At)  =  2/(C(t+At,t+At)  +  C(t+At,t). 


The  inelastic  strain  e*(t+At)  is  based  on  an  initial  estimate 


of  stress  a(t+At).  Subsequently  the  computed  value  of  a(t+At)  may  be 
compared  with  the  estimated  value  and  if  required,  the  analysis  may  be 


repeated  using  e*(t+At)  based  on  the  new  computed  stress.  The  procedure 


is  developed  here  for  uniaxial  stress  and  for  simplicity  shrinkage 
strain  is  not  included. 

As  before,  the  total  strain  at  time  t  is  written  in  terms  of 
a  superposition  integral, 


Integrating  by  parts, 


=  C(t,t)a(t)  -  a(x)  dx 


0 


(A. 20) 


Equation  (A. 20)  may  be  written  as, 


ea(t)  =  EE(t)  - 


ft 


(t)  dT 


a 


(A. 21) 


^  o 


For  time  t  +  At,  Equation  (A. 21)  may  be  written  as. 
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ea(t+At)  =  eE (t+At)  -  cj(t)  dT 

_  d  T 


t+At 


a(T)  - J-T )  dx 

o  T 


(A. 22) 


Subtracting  Equation  (A. 21)  from  Equation  (A. 22)  leads  to, 
e°(t+At)  -  E°(t)  =  eE(t+At)  -  eE(t)  -  I-,  -  I2 

where  I.  =  f  0(T)  (»C(t+A.t,TJ  .  aClt xT j }  dt 

1  Jn  8t  3t 


(A. 23) 


and 


h  ' 


t+At 


o(x)  dx 


Assuming  the  form  of  the  compliance  function  is  given  by 
Equation  (A. 4),  then 


aid 


(A. 24) 


and, 


8C ( t+At ,t ) 

9t 


^r/4-  \  3A.  (t  ) 

=  -L—  [Bi  (t+At)  -  Bi  (t)] 


Term  I,  of  Equation  (A. 23)  becomes 
I 


1 


rt  3A.(t) 

{B- (t+At)  -  B. (t) }  I  a(r)  dx 
0  1  1  3t 


=  {B.(t+At)  -  Bi (t)>  V.(t) 


(A. 25) 


where , 


. 


All 


V-j(t)  =  vi  Ct-At)  + 


t-At 


3A. (t) 

o(t)  — —  dT 


(A. 26) 


Term  I 2  becomes, 

,  =  a_(t+At)+ff(t)  [C(t+At,t+At)  -  C(t+At,t)] 


(A. 27) 


If  the  integral  in  Equation  (A. 26)  is  approximated  as 

o(t)-Tr^dT  =  [££--)-t?(t-At)][A  (t)-A. (t-At)] 

Jt-At  dT  All 


Equation  (A. 23)  becomes. 


e° (t+At)  =  eE(t+At)  +  e°(t)  -  eE(t)  -  ^ (t){B. (t+At)-Bi (t) } 

-  fotoAtlMt)}  [C(t+At,t+At)  -  C  (t+At  ,t )  ] 

=  eE(t+At)  +  e^(t+At) 

=  eI(t+At)  <A-28> 
Solving  for  a(t+At)  yields, 

o(t+At)  =  E(t+At ) { eT (t+At )  -  e1 (t+At) }  (A. 29) 

In  this  form,  the  computations  are  based  on  the  actual  instantaneous 
modulus  of  elasticity,  not  a  pseudo  modulus.  To  compute  e^t+At), 
required  in  Equation  (A. 29)  an  estimate  must  be  made  of  a (t+At).  The 
estimate  may  then  be  checked  against  the  computed  stress  and  if 
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necessary  a  better  estimate  may  be  made  and  the  computations  repeated. 

No  attempt  has  been  made  to  implement  this  procedure 
numeri cally. 
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APPENDIX  B 

EVALUATION  OF  CONSTANTS  IN  COMPLIANCE  FUNCTION 
BY  LEAST  SQUARES  CURVE  FITTING 

The  compliance  function  is  given  in  Equation  (2.16)  by, 
C(t.x)  =  1^-y  +  (a1+a2/T°*  Va3/T0*2+a4/T°‘3)|a-|  (1-e  1  ) 

-k2(t-x)  -ko ( t-T )  “| 

+  a2(l-e  L  )  +  a3(l-e  )  (B.l) 

where 

eTTT  =  f  +  q  (B-2) 

This  function  can  be  fit  to  any  set  of  standard  creep  test 
data  by  the  method  of  least  squares. 

Let  C . (t ,t)  be  the  observed  value  of  compliance  at  t  for  loading  at  i 

J 

and  C.(t,x)  be  the  calculated  value  from  Equation  (2.16). 

J 

o 

Then  e.  =  (C.(t,x)  -  C . (t , x ) )  is  the  square  of  the  difference. 

J  J  J 

Summing  over  N  observed  values, 

N  N  9 

E  =  l  e.  *  l  (C.(t,x)  -  C.(t,x)r  (B.3) 

j=l  J  j=l  J  J 

The  object  now  is  to  minimize  E  and  this  is  accomplished  by 
differentiating  E  with  respect  to  each  of  the  constants  in  the  compli¬ 
ance  function  and  setting  each  of  the  resulting  expressions  equal  to 
zero. 

The  first  step  is  to  evaluate  p  and  q.  This  may  be  done  by 
evaluating  the  instantaneous  modulus  for  loading  at  various  ages  and 


’r\E^  ,0r\si  *.  +  7  'Jl  “ 
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obtaining  p  and  q  by  least  squares.  However,  it  was  found  to  be  satis¬ 
factory  to  evaluate  E(x)  for  two  loading  times,  substitute  in  Equation 
(B.2),  and  solve  the  resulting  simultaneous  equations  for  p  and  q. 

This  leaves  10  constants  still  to  be  evaluated. 

Examination  of  Equation  (B.l)  indicates  that  differentiation 
with  respect  to  each  of  the  constants  will  result  in  non-linear 
equations  in  which  complicates  the  solution  of  the  equations. 
Hamming^4^  suggests  that  the  least  squares  procedure  be  carried  out  for 
several  chosen  sets  of  k^  and  the  set  which  results  in  a  minimum  value 
for  E  be  adopted.  This  procedure  was  followed  and  for  each  concrete 
considered,  10  sets  of  k..  were  used.  The  remaining  7  constants  are 
obtained  by  least  squares  in  two  stages. 

In  the  first  stage  the  relative  values  of  are  obtained  by 

least  squares  over  a  set  of  data  for  one  loading  time  . 

For  loading  time  x..,  the  compliance  function  may  be  written 
in  the  form, 


-kn (t-x . )  -kp(t-x . )  -k  o ( t-x . ) 

C(t,Ti)  =  1  / E ( x i )  +  Ka-j  (1  -e  1  )+  Ka2(l-e  )+  Kc^l-e  J  ) 


-k,(t-x.)  _  -k«(t-x . )  _  -Mt-x.) 

=  1/E(x.j)  +  a^(l-e  )+a2(l-e  J+a^O-e  ) 


=  1 / E ( x ^ )  +  a|  X|  +  a2  X2  +  X^ 

where  K  =  (a-j  +  a2/x..^  +  a^/x^  +  a^/x^*^) 

-k  .(t-x. ) 

and  X.  =  (1-e  J  ] 

J 


Forming  E  and  differentiating  with  respect  to  each  ak. 
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ai  ^xi  ^ a  +  a2  Z C X] Xg ) ^ 

a]  Z ( ^2^1 ) +  a2  ^^2  +  a3  ^X2X3^£ 

a]  I(^3^] +  a2  Z(^3^2 +  a3  ZCX32), 


^Xl)£(C(VTj)  "  1/E(Tj>) 
Kx2)£(C(trT.j)  -  1/E(Tj.))  (B .4) 

Z(x3)^C(t£,Tj)  -  1  /E(ij ) ) 


M 

where  J  J 
£  =  1 

and  M  is  the  number  of  observation  times  for  loading  time  x ^ . 

Solving  Equation  (B.4)  for  a-j ,  c^*  and  a^>  relative  values  of  may  now 
be  computed  from 


=  1.0 

a2  =  a2^a3  (B.5) 

cx  i  Ot-j  /  ot^ 


The  second  stage  involves  an  application  of  the  least  squares 
procedure  over  the  complete  range  of  data  for  several  loading  times. 
Equation  (B.l)  is  now  expressed  in  the  form. 


C(t,x) 

=  (a1  p-|  +  a 

where 

O 

• 

II 

CL 

_  17  0.1 
P2  -  1/T 

i/  0-2 

P3  =  1/T 

1  /  0-3 
P4  =  1/T 

and 

Y(t,x)  = 

(B  .6) 


3 


-k-j  (t~r) 


) 


”  N 
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Computing  E  for  M  points  and  differentiating  with  respect  to 
each  constant  a-j ,  a£,  a^  and  a^  results  in  the  4  simultaneous  equations, 

[D]  {a}  =  {B}  (B . 7) 

V 

M 

where  ^  P|c  p.  v/(t.t) 

M 

and  B-j  =  l  [C^(t,x)  -  1/E^(t)]  p..  •  Y^(t ,t) 

t  1 

Equation  (B.7)  is  solved  for  {a}  which  completes  the  solu¬ 
tion  for  the  12  constants  in  the  compliance  function. 

Ten  sets  of  were  considered  for  the  compliance  function 
used  in  this  work  and  the  set  which  produced  a  minimum  value  for  the 
quantity  E  (Equation  B.3)  was  used  in  each  case.  A  comparison  of  the 
compliance  functions  obtained  by  least  squares  with  the  data  used  may 
be  seen  in  Figures  2.7  and  2.8. 

Tables  B.l  and  B.2  show  the  results  of  the  least  squares 
analysis  for  two  sets  of  k^  which  were  considered  for  concrete  Cl. 

For  each  known  point  on  the  compliance  curve,  the  time  of  loading 
and  time  of  observation  are  noted,  followed  by  the  given  value  of 
specific  compliance  and  the  value  computed  by  the  least  squares  analysis. 
The  difference  between  the  two  values  is  shown  as  a  percentage.  On  the 
bottom  line  the  computed  values  of  the  constants  are  given  as  well  as 
the  quantity  E  defined  above.  These  two  sets  of  data  represent  the 
maximum  and  minimum  values  of  E  obtained  for  the  range  of  k^  considered 
and  it  can  be  seen  that  the  correlation  is  good  in  each  case. 


^  X  • 


. 


TIME  OF  LOADING  TIME  OF  OBSERVATION  COMPLIANCE  (EXPTL.)  COMPLIANCE  (CALC.)  DIFFERENCE-% 
28.00  29.00  0.39100  x  10"6  0.37988  x  10"6  -2.84422 
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K1  K2  K3  ALPH1  ALPH2  ALPH3  A1  A2  A3  A4 

0.50000  0.02000  0.00200  7.144211  6.50423  1 .00000-0 .49977E-07  0.83100E-07  0.11961 E-06-0 . 89228E-07 

E  =  0 .254914E-1 3 

TABLE  B.l  RESULTS  OF  LEAST  SQUARES  ANALYSIS  -  E  MAXIMUM 


TIME  OF  LOADING  TIME  OF  OBSERVATION  COMPLIANCE  (EXPTL. )  COMPLIANCE  (CALC.)  DIFFERENCE-% 
28.00  29.00  0.39100  x  10'6  0.33300  x  10'6  -14.83402 
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APPENDIX  C 

DETAILS  OF  ELEMENT  STIFFNESS  MATRIX  AND  LOAD  VECTOR 

C.l  Generation  of  Element  Stiffness  Matrix 

The  element  stiffness  matrix  is  given  by  Equation  (3.24), 


[kei  - 


rb 


[B]T[D][B]  dx  dy 


(C.l) 


Expressed  in  non  dimensionalized  coordinates,  £  =  ,  n  =  ^ 

•1  rl 


[kt]  - 


[B]T[D][B]  ab  d£  dn 


(C.2) 


The  matrix  [B]T  is  given  in  Table  C.l. 


Writing 


[B]T[D][B]  = 


bll  b21  b31 
b12  b22  b32 


bli  b2i  b3i 


°n 

D12 

D13~ 

bn 

b12 

...  b13 

•••  bl  ,16 

°21 

°22 

°23 

b21 

b22 

b2j 

b2 ,16 

°31 

°32 

D33 

b31 

b32 

b3j 

b3,16 

bl  ,16b2,16b3,16| 


where  b  is  a  polynomial  of  the  form 
mn 


(C.3) 


b  =  C0(m,n){C1(m,n)+C2(m,n)5+C3(m,n)c2+C4(m,n)53Hp1(m,n)+p2(m,n)n 


2  3 

+P3(m,n)n  +P4(m,n)n  ) 


(C.4) 


'' 


C2 


The  general  term  k. .  becomes,  by  matrix  multiplication 

*  J 


ri 


kij 


blibljDll+b2ibljD21+b31b1jD31^1ib2jD12+b2ib2jD22 


+b3ib2jD32+blib3jD13+b2ib3jD23+b3ib3jD33}a'b'd5dn 


(C.5) 


or, 

k-jj  “  A-j -j  (i  ,j )Di  1+A21  (i , j ) ^21  ^^31  ^  » J ) ^31  +A-j 2 O' » J ) D-j 2+^22 ^  ) ^22 

+A32(i  »j)D32+A13(i  »j)D-|3+A23(i » J )D23+A33^  ,J^D33  (C-6) 

where  the  general  term  Amn (i » j )  is  derived  as  follows 

bmibnj  =  co^m,i^co^n»^{cl^m,i^+c2^m*i^+c3^m,i^2+c4^m,i^3} 

2  3 

{c-|(n,j)+c2(n,j)^+c3(n,j)5  +c4(n,jk  Hp-j (m,i )+p2(m,i )n 
+P3(m,i)n2+P4(m,i)n3Hp-,(n,j)+P2(n,j)n+P3(n,j)n2 
+P4(n,j)n3}  (C.7) 


or, 

bmibnj  =  Co  (i>j)^i+Q25+Q352+Q453+Q554+Q655+Q7?6}{Ri+R2r'+R3i2 

)  (C.8) 


where  Q-| ,  Q2 


•  •  • 


are  given  by. 
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Q1  =  C-j  (m,i )  c1  (n, j) 

Q2  =  c-j  (m,i )  c2(n,j)  +  c2(m,i)  c-j  (n , j ) 

Q3  =  c-j(m,i)  c3(n,j)  +  c3(m,i)  c-j(n,j)  +  c2(m,i)  c2(n,j) 

Q4  =  c-j(m,i)  c4(n,j)  +  c4(m,i)  c-j(n,j)  +  c2(m,i)  c3(n,j)  +  c3(m,i)  c2(n,j) 

Q5  =  c2(m,i)  c4(n,j)  +  c4(m,i)  c2(n,j)  +  c3(m,i)  c3(n,j) 

Q6  =  c3(m,i)  c4(n,j)  +  c4(m,i)  c3(n,j) 

Q7  =  c4(m,i)  c4(n,j) 

Expressions  for  R-j ,  R2  ...  R^  are  obtained  by  replacing  Q  by  R  and  c  by 
p  in  these  expressions. 

Integrating, 

=  co^(i,j){Q1+Q2/2+Q3/3+Q4/4+Q5/5+Q6/6+Q7/7} 

+  {R1+R2/2+R3/3+R4/4+R5/5+R6/6+R7/7}-a-b  (C.9) 

Subroutine  ELEM  was  written  to  generate  the  terms  in  the 
element  stiffness  matrix  for  an  orthotropic  plate  in  which  case  the 
terms  D^3,  D23>  ,  D32  are  zero.  The  multiplying  coefficients  for 

these  terms  were  therefore  not  included  in  the  program.  However,  it 
is  apparent  that  only  a  slight  modification  to  the  subroutine  would 
be  required  to  deal  with  a  full  matrix  [D]  representing  a  generally 
anistropic  material. 

C.2  Applied  Load  Vector 

The  applied  load  vector  { R}  for  an  arbitrary  transverse  load 
q  (c»n)  is  given  by  Equation  (3.21)  in  the  form, 


ft.'  >  ,t  (t. 


(t.T)n  A 


C4 


{R}  =  q(C.n)  {<■}  dA  (C.10) 

JA 

For  a  uniformly  distributed  load,  q(5,n)  «  q,  on  an  element, 
the  load  vector  is  given  by 

(R)  -  <q  ab/4,  q  a2b/24,  q  ab2/24,  q  a2b2/144, 

q  ab/4,  q  a2b/24,  -q  ab2/24,  -q  a2b2/144, 
q  ab/4,  -q  a2b/24,  -q  ab2/24,  q  a3b2/144, 
q  ab/4,  -q  a2b/24,  a  qb2/24,  -q  a2b/144>  T  (C.ll) 

This  expression  and  expressions  for  other  loading  cases  are 
presented  in  Ref.  (10). 


C.3  Equivalent  Load  Vector 

The  expression  for  the  equivalent  load  vector  {Q}  evaluated 
for  an  element  is  given  by  Equation  (3.28)  in  the  form 


(Q> 


[B]T  {M1}  dA 
JA 


(C.12) 


As  discussed  in  Section  3.6.3,  the  vector  {FT}  is  assumed  to 
be  a  constant  for  the  element.  Performing  the  matrix  multiplication 
and  integrating  each  term  in  the  resulting  vector,  the  following 
expression  is  obtained  for  the  equivalent  load  vector 
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APPENDIX  D 

COMPUTER  PROGRAMMING 

D.l  Description  of  Subroutine 

The  program  developed  in  this  investigation  was  written  in 
FORTRAN  IV  and  computations  were  carried  out  on  the  IBM  360/67  computer 
of  the  University  of  Alberta  Computing  Centre.  The  flow  chart  of 
Figure  D.l  outlines  the  sequence  of  computations  required  for  the 
solution  for  time-dependent  strains  and  cracking  in  reinforced  con¬ 
crete  floor  slabs. 

The  program  consists  of  a  set  of  subroutines  in  which  the 
computations  in  each  step  of  the  program  are  carried  out,  and  a  main 
programme  which  controls  the  order  in  which  the  subroutine  are  called. 

A  flow  chart  by  subroutine  is  given  in  Figure  D.2.  In  the  following, 
a  brief  description  of  each  subroutine  is  given. 

COEFF  reads  in  a  set  of  coefficients  required  for  the  element 
stiffness  matrix. 

INPUT  reads  and  writes  input  data  required  for  the  analysis.  Full 
details  of  input  preparation  are  given  below. 

LOAD  computes  the  contribution  of  each  element  to  the  applied  load 
vector  (for  a  uniformly  applied  load  over  the  slab)  and  to  the  equiva¬ 
lent  load  vector  corresponding  to  the  distribution  of  initial  strains. 
The  total  load  vector  is  assembled  for  the  structure. 

STIFCS  computes  d  and  d  (Equation  3.7)  and  the  stiffness 

■  I  A  lljr 

coefficient  matrix  [D]  at  the  corner  of  each  element,  from  which  the 
average  value  of  [D]  for  each  element  is  computed. 

ELEM  generates  the  terms  in  the  element  stiffness  matrix  as  des¬ 


cribed  in  Appendix  C. 
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STIFF  computes  the  band  width  of  the  structure  stiffness  matrix 
and  assembles  the  components  of  the  element  stiffness  matrix  for  each 
element,  in  the  structure  stiffness  matrix. 

DISPL  modifies  the  assembled  structure  stiffness  matrix  for  the 
prescribed  boundary  conditions  and  calls  the  equation  solver  BANSOL 
which  solves  for  the  unknown  displacement  vector.  From  the  displace¬ 
ments,  curvatures  and  twist  are  computed  at  the  corner  of  each  element. 
MODIFY  is  called  by  DISPL  and  participates  in  the  modification  of 
equations  for  the  boundary  conditions. 

BANSOL  solves  the  simultaneous  equations  by  a  Gauss  elimination 
procedure  which  utilizes  the  banded  symmetric  form  of  the  equations. 
This  subroutine  is  based  on  a  subroutine  developed  at  the  University 
of  California  (Berkeley)  by  Felippa. 

STRESS  defines  the  distribution  of  strains  over  the  depth  at  the 
corner  of  each  element  from  the  computed  curvatures  by  imposing 
equilibrium  of  normal  stress  resultants.  Stresses  are  computed  in 
each  layer  and  checked  for  cracking.  The  memory  function  and  cracking 
coefficients  are  modified  if  further  cracking  is  detected.  Bending 
and  twisting  moments  are  computed  at  the  corner  of  each  element. 

CMOD  computes  the  pseudo  instantaneous  elastic  modulus  and  shear 
modulus  for  each  time  step. 

CREEP  computes  the  new  set  of  initial  strains  (creep  and  shrinkage) 
at  every  step. 


*  Dr.  C. A.  Felippa,  formerly  graduate  student  at  University  of 
California 
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FIGURE  D.l  PROGRAM  OUTLINE 
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FIGURE  D.2  FLOW  CHART  BY  SUBROUTINE 
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D.2  Program  Limitations 

The  program  in  its  present  form  is  capable  of  dealing  with 
maximums  of 

50  Elements 
65  Nodal  points 
10  Layers 
25  Time  steps 
Band  width  =  40. 

The  solution  of  problems  exceeding  these  limits  will  require 
an  increase  in  dimension  statements  and  possibly  the  use  of  out-of¬ 
core  storage. 

D.3  Preparation  of  Input  Data 

The  preparation  of  input  data  required  for  use  of  the  com¬ 
puter  program  is  described  below. 

1.  Heading,  20A4,  1  card 


Control  card,  515,  1 

card 

Column  1  -  5 

Nr.  of  nodal  points 

(NJ) 

6  -  10 

Nr.  of  elements 

(NE) 

11  -  15 

Nr.  of  layers 

(NL) 

16  -  20 

Nr.  of  time  steps 

(NTS) 

3.  Information  concerning  the  stepped  stress  strain  diagram,  2  cards, 
a)  4F10.5 

Column  1  -  10  Cracking  coefficient  "a"  for  second  branch 

of  curve  (GAM1 ) 

11-20  Cracking  coefficient  "a"  for  third  branch 


of  curve  (GAM2) 


21 

31 


b)  4F10.5 


30  Cracking  coefficient  "a"  for  fourth  branch 
of  curve  (GAM3) 

40  Cracking  coefficient  "a"  for  fifth  branch 
of  curve  (GAM4) 


Column  1 

11 

21 

31 

Creep  function 
a)  6F10.7 


-  10  Limiting  tensile  stress  for  first  branch  of 

curve  (SCT1) 

-  20  Limiting  tensile  stress  for  second  branch  of 

curve  (SCT2) 

-  30  Limiting  tensile  stress  for  third  branch  of 

curve  (SCT3) 

-  40  Limiting  tensile  stress  for  fourth  branch  of 

curve  (SCT4) 

constants  (Equation  2.16),  3  cards. 


Column  1 

-  10 

kl 

(Kl) 

11 

-  20 

k2 

(K2) 

21 

-  30 

k3 

(K3) 

31 

-  40 

al 

(ALPH1 ) 

41 

-  50 

a2 

(ALPH2) 

51 

-  60 

a3 

(ALPH3) 

4E15.6 

Column  1 

-  15 

al 

(Al) 

16 

-  30 

a2 

(A2) 

31 

-  45 

a3 

(A3) 

46 

-  60 

a4 

(A4) 

. 
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c)  2E15.6 

Column  1-15  p  (AAC) 

16-30  q  (BBC) 

5)  Element  Data:  Nodal  point  numbers  at  corners  of  each  element,  and 
print  code,  915,  1  card  per  element. 

Element  number  (M) 

6-10  Nodal  point  number  for  corner  1  (NODG(M)) 
Nodal  point  number  for  corner  2  (NODH(M)) 

16  -  20  Nodal  point  number  for  corner  3  (NODI(M)) 

21  -  25  Nodal  point  number  for  corner  4  (NODT(M)) 

26  -  30  Print  code  for  corner  1  (IPRINT(M,1 ) ) 

31  -  35  Print  code  for  corner  2  (IPRINT(M,2) ) 

36  -  40  Print  code  for  corner  3  (IPRINT(M,3) ) 

41  -  45  Print  code  for  corner  4  (IPRINT (M ,4) ) 

The  parameter  IPRINT  determines  whether  output  (stresses, 
strains,  moments)  is  to  be  printed  at  each  time  step. 

If  IPRINT  =  1,  output  will  be  printed. 

If  IPRINT  =  0,  output  will  not  be  printed. 


Column  1 

-  5 

6 

-  10 

11 

-  15 

16 

-  20 

21 

-  25 

26 

-  30 

31 

-  35 

36 

-  40 

41 

-  45 

N0DG(M) 
N0DH(M) 
NODI (M) 
N0DJ(M) 


is  nodal  point  number  at  corner 


1 

2 

3 

4 


of  element  M 


The  element  nodal  point  numbers  must  be  ordered  in  the  sequence 


shown  in  Figure  D.3. 
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FIGURE  D.3  ELEMENT  NODAL  POINT  NUMBERING  SYSTEM 


6)  Nodal  point  information:  Boundary  condition  code  and  x,y  coordi¬ 
nates  defining  the  location  of  the  nodal  point,  215,  2F10.3,  1 
card  per  nodal  point. 

Column  1  -  5  Nodal  point  number  (M) 

6-10  Boundary  condition  code  (KODE(M)) 

11-20  x-coordinate  of  nodal  point  (X(M)) 

21  -  30  y-coordinate  of  nodal  point  ( Y (M) ) 

The  boundary  condition  code  is  as  follows, 

Column  6  Blank 

7  1  =  displacement  boundary  condition  for  w 
0  =  force  boundary  condition  for  w 

8  1  =  displacement  boundary  condition  for  w 

» x 

0  =  force  boundary  condition  for  w 
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9 

10 


1  =  displacement  boundary  condition  for  w 
0  =  force  boundary  condition  for  w 

»y 

1  =  displacement  boundary  condition  for  w 

5  X. 

0  =  force  boundary  condition  for  w 

*xy 


Note:  The  generalized  forces  corresponding  to  each  degree  of  freedom 
are  computed  in  subroutine  LOAD  for  a  uniformly  distributed  load. 

All  prescribed  displacements  are  assumed  zero.  For  other  loading 
conditions  or  prescribed  boundary  conditions,  subroutine  LOAD  requires 
modification. 

7)  Poisson's  ratio  for  concrete  and  Young's  modulus  for  steel,  F5.3, 
El  5 . 6 , 


Column  1  -  5  Poisson's  ratio  (MUC) 

6-20  Young's  modulus  (ES) 

8)  Reinforcing  steel  data,  9F8.5,  1  card  per  element. 

Column  1-8  top  steel  in  x-di recti  on,  area/unit  length 

(ATX(M) ) 


9-16  bottom  steel  in  x-direction,  area/unit  length 
(ABX(M) ) 

17  -  24  top  steel  in  y-direction,  area/unit  length 
(ATY(M)) 

25  -  32  bottom  steel  in  y-direction,  area/unit  length(ABY(M) ) 
33  -  40  distance  from  top  surface  to  ATX(M)  (DTX(M) ) 

41  -  48  distance  from  top  surface  to  ABX(M)  (DBX(M)) 

49  -  56  distance  from  top  surface  to  ATY(M)  (DTY(M)) 

57  -  64  distance  from  top  surface  to  ABY(M)  (DBY (M) ) 

65  -  72  total  depth  of  slab  (DPTH(M)) 
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9)  Details  of  loading  history  and  shrinkage  strains,  2F10.5,  El 5. 6, 
1  card  per  time  step 


Column  1  -  10 

Time  (days) 

T(I) 

11-20 

Uniformly  distributed  load  at  time 

T(I) 

UUDL(I) 

21  -  35 

Shrinkage  strain  at  time  T(I) 

ESH(I) 

10)  Depths  of  layer  boundaries  from  top  surface,  FI 0.5,  1  card  per 
layer  boundary  (total  number  =  number  of  layers  +  1) 

Column  1-10  Distance  of  layer  boundary  from  top  surface 

D.4  Description  of  Output 

The  following  is  a  brief  description  of  the  output  obtained 
from  the  computer  program.  The  subroutines  from  which  the  appropriate 
output  FORMAT  statements  may  be  obtained  are  given  in  each  case. 

a)  All  input  data  is  printed  for  record  and  checking 
(see  COEFF  and  INPUT). 

b)  The  time  (T  days)  for  which  each  analysis  is  carried 
out  is  printed  followed  by  the  pseudo  instantaneous  elastic  and  shear 
moduli  (see  PARAM  and  CMOD) . 

c)  For  each  cracking  iteration,  the  coefficients  in  the 
plate  bending  stiffness  matrix  [D]  are  printed  (see  STIFCS). 

d)  If  cracking  is  detected,  the  message  "CRACKING 
DETECTED  THIS  ITERATION"  is  printed  and  no  further  output  is  printed 
for  the  iteration  (see  STRESS). 

e)  Concrete  stresses  (°x»ay»Txy)>  total  strains  (ex>ey>yxy) 

and  inelastic  strains  ULeJ»y*  )  are  printed  for  each  layer  J  at  each 

x  y  xy 

corner  I  of  each  element  M  if  the  parameter  I PRI NT (M , I )  equals  unity 


‘ 


li  i  n  rten  srii 
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(see  STRESS). 

f)  Steel  stresses  are  printed  at  each  corner  I  of  each 
element  M  if  IPRINT(M.I)  equals  unity  (see  STRESS). 

g)  Moments  M  and  M  are  printed  at  each  corner  I  of 

x  y 

each  element  M  (see  STRESS). 

h)  The  displacement  vector  for  each  time  T  days  is 
printed  (see  STRESS). 

j)  For  each  time  step  the  cracking  coefficient  matrix 
is  printed  (see  STRESS). 


I  lerrtoo  3t>  btfnhq  zszzsniz  "ssiZ 
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D. 5  PROGRAM  LISTING 

The  author  and  the  University  of  Alberta  disclaim  responsibility 
for  the  misuse  of  the  following  program,  nor  will  they  be  responsible  for 
errors  in  the  listing. 
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C  MAIN  PROGRAMME 

ft*********** *************4*4**+***** 

COMMON  A( 260, AO  I . S( 16.161 , B ( 260 ) . VI ( 3 , 50 . 4 , 1 0 , 2 ) . 

1  V2(3.50,4. 10.2), 

2  FT  X<  50,4, 1 0) ,FIY(50,4, 10) , F I  X Y ( 50 . 4 , 10  I ,$CX(50,4, 10) . 

3  SCY150.4.10) .SCXYf 50,4,10) .  0NX(50,4), 

4  DN  Y  ( 50,4). FI X( 50,4) ,FIY( 50,4) «F I  X  Y ( 50,4) ,ECX( 50,4) .EOY( 50,4) , 

5CA(  3.3) ,CRf 3.3 ) .X<65> ,Y(65 ) ,W(65) ,WX(65) ,WY(65 ) • WXY165 ) ,HEO( 20)  , 

6  n(65).nx(65),DY<65),0XY(65),A0X(50).APY(5C).ATX(50),ATY(50). 

7  DT  X ( 50 ) .OTY(50)»CRX(50) . CRY ( 50 ) . OPTH< 50) ,T(25) .UUDLT 50) ,Z( 1 1) , 

fl  AJXf  10)  ,A.)Y<  10)  .  AMX(  10)  ,  AMY  (  10)  .DC  1  1  C  1  0  )  .  DC  2  2  (  1 0  )  ,  DC  1  2  (  10  )  ,C  1 1  2  )  » 

1  DELTA (50, 4, 10) ,K0Dt(65) ,N0DG(50), 

2  NODH( 50) , NCDI (50 ) ,NODJ (50 ) , LM ( 4 ) , NE . N J , NL . NE Q , MB  AND, NT , 

3  RFPFAT .NTS 

DOIIPLF  PRFCISION  A.S.B 

INTEGER  PFPFAT 

TNTFGFP  DEI TA 

CALI  COFFF 

CALI  INPUT 

C  A I  l  FARAM 

CAll  C  MOD 

100  CONTINUE 
R  FP  F  A  T  =  0 

101  CTNTINUF 

f  A|  L  1  CAD 
CAll  STIFFS 
CALI  STIFF 
C  A I  L  OISPL 
C  A I  L  STRESS 

IF  (RFPFAT. FO,  1  )  CO  TO  IOC 
IF  (NT.GT.NTS  )G0  TO  2 00 
C  A I  L  PARAM 
C  A I  l  0  MOD 
CAll  CPFFP 
GO  TO  100 
200  CONTINUE 
STOP 
FND 
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Sl.'BPOllT  I  NF  fDFFF 

r.  INPUTS  fDFFF  If.  IFNTS  FOR  FLFMFN'T  STIFFNFSS  MATRIX 

C.  *  ^  *£**>♦<.  ***$4$<>4$**it>4*4>4***:fr***’t'4‘ 

r CM  MCA  /I  YN/O 1 (3. 16) ,C2 (3* 16 ) ,C3( 3, 16) ,04(3 , 161 » PI  ( 3» 16) t P2 (3. 16  > . 
1 P  ^  f  3*16), P4 (3,16) 

OniPLE  P  P  F  C  I  S  I  C  A  Cl  .C2.C3.C4.P1 ,P2.P3,P4 

r. 

nn  20  j=i,16 
nr  2n  !=i,3 

2  0  RFAfll  6,600)  I  ,  J.C  1  I  I  ,  J  I  ,C?I  I  .  J)  »C3l  I  ,  J  I  ,C4(  I,J),PlU»J)»P2(I,J), 

1 P  3 (  I,J),P4(  I, J) 

WRITE  (6,460) 

nr  21  .1=1,16 
no  21  1=1,3 

2  1  WRITE  (6.600)  I.J.CM  I.J)  ,C?(I,J).C3(  I . J  )  , C4 ( I , J ) . P l ( I , J 1 ♦ P 2 (  I • J  > « 
1P^>(  T  .  J  )  ,  P4  (  1  ,  J  ) 

r. 

460  FORMAT  ('  I  J  Cl  C 2  C3  C4  PI  P2  P3  P4'» 

600  FORMAT  (  2  l  6, F6 . C, 7F6. 0) 

600  FORMAT  (  2 T 5 . F 6 . 0 • 7 F6 . 0 ) 

r. 

P  FTIJRM 
F  AO 


'  .  i  s'  •:  >  /  fl* :  V  :  /»  Q* 
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SUBROUTINE  INPUT 

0  P  F  A  D  S  AND  WRITFS  INPUT  DATA 


CrMPTN  A( 26  0, AD ) , 5 ( 16, ] 6 ) .  B( 2601 ,V1(3.50,4,1C.?>, 

1  V7( 3,50,4, in,?), 

2  FIX(50.4,)0),FIY(50,4.)0),FIXY(50,4,1C),SCX(50,4,10), 

3  SC Y ( 50 ,4, I  0 ) , SCXY ( 50.4, 10  )  ,  DNX(50,4), 

4  DN  Y(50.4).FIX(50,4),FIY(5Q.4).FIXY(50»4)»FCX(50*4), E0Y(50,4  ) , 

5C  A(  'a,'J)  •  C  R  (  3  »  3  )  »  X  (  6  5  )  ,  Y  (  6  5  )  »W(65),WX(65)  »WY(65),WXY(65),HFD(20)  , 

6  n(65),DX(65l,DY(65),0XY(65),ARX(50).ARY(50),ATX(50).ATY(50), 

7  nTX(5").DTY(50l,rnY(50).rBV(50),DPTHl50),T(25> ,UUDL (50 ) , Z ( 11 ) , 

8  A.I  X  <  10  )  ,  A.IY  (  10  )  .  AMX<  10)  ,  AMY(  10)  ,  DC  1 1  (!  0  >  ,DC22(  10)  ,0C12(  10)  ,C0(2)  , 

1  PF  LT  A (50.4. 10 ) ,K00F (65 ) ,N00G( 50 ) , 

7  NHDH( 50) ♦ NOP  I ( 50) .NODJ ( 50 ) . L M ( 4 ) , NE , N J , M , NF C , MB  AND , N T , 

3  RRPFAT.NTS 
C.r^VCN /TRACK /NTT 

CCMPON/PARPS/  Ki.K2.K3.AL  PHI , ALPH2 , A L PH3 . A 1 .A?, A3, A4. A  AC, BBC 
COPIPON /CHFK/QCX ( 50,4, 10 ) ,CCY( 50.4, 10  > 

COMMON /CRAK/  S CT 1 . SC T 7 . SC T  3 , SC T4 . G AM  1 , GA M2 , G A P 3 ♦ GAM4 
CCMPCN/CCNC /MUC, FS . FC ,SCT ,GC 
CCMpfN /SHR I NK/ESH( 25) 

CCMPCN/PLSTC /  D1 1( 50) ,D2? ( 50 ) ,D12( 50) ,033(50) 
CCMPCN/PPNT/IPPINT(50,4) 
nriJRl  F  PPFCISION  01 1 ,D12 .C22.D33 
nriJPi  F  PRFC  I  SIGN  A,  S,  R 
INTFCFP  REPFAT 
I  NT  FC  F  R  DEI  TA 
PFAL  Pl)C 
PFAl  K  1  ,  K  2  .  K  3 
C 

RFAC( 5,1000)  HFD.NJ.NF.NL.NTS 
WPT TF  (6,2000  )  HFD.NJ.NF.NL.NTS 
C 

PFAD( 5.4001 )  GAM1.GAM7,GAP3,GAM4 
WPT  TF  (6.5001  )GAM1,GAM2,GAP?,GAM4 
C 

RFAD( 8.4F01 )  SC T  1  , SC T 2 . SC T 3 , SC T4 
WP  T  TF (6.50 0  2  1  SCT1.SCT2.SCT3.SCT4 

r 

PFAD( 5 , 4  C  2  0 )  Kl .K2.K3, ALPH1 . ALPH2 , ALPF3 
RFADt 5,4030)  A1.A2.A3.A4 
R  F  A  0 (  5 . 404  0 )  AAC.PBC 

WRI  TF  (6.4  025)  K 1 ♦ K 2 . K ? , AL P HI , AL PH2 . AL PH? , A 1 , A 2 , A3 , A4 , A AC , BBC 
C 

WPITF  (6,2003) 
nr  700  M= 1 , NF 

r  F  A  T  (5.1002  )  M . NOOG ( M ) . NO DH ( M ) , NOD  I ( P ) ♦ NOD J ( M ) . I  PR  I  NT  (  M  ,  1  )  ♦ 

1  1PR1NT(M.7).IPRIPT(M.3).IPPINT(M,4) 

WRTTF  (6,7004)  M , NODC ( M ) , NODE ( M ) , NOD  I ( M ) . NOP J ( M ) , I  PR  I  NT ( M , 1  ) . 

1  IPPINT(M.2),IPPIPT(M,3).IPPINT(M,4) 

200  CONTI  NUF 
C 

WR 1  TF  (6,2001  ) 

or  IOC  P = l * N J 

RFAD  (5,1001)  P.KOnF(M) ,X(M) ,Y(M) 

1  o  1  WPTTF  (6,2007)  P  .  K  ODE  (  PI )  ,  X  (  M  )  ,  Y  (  M  ) 

100  CCNT  I  NUF 
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C 

RFAPC5.1020)  RUC.FS 
WPITF(6.?0201RUC.FS 
C 

WR I TF ( 6 .  2026 ) 
nr  150  M=1,NF 

R  F  A  P  (  5  . 102  5 )  ATX (R ) , ARX (R ) , ATY(M) ♦ AB Y ( M I . DT X ( M ) , DBX ( M J  ,  OTY  (  Ml  , 
1  DRY ( R  )  •  D PTH ( R ) 

WRI  TF  (6,202  5)ATX(R) , ARX ( R  )  .  ATY ( R ) , ABY ( R ) . DT X ( M ) ,DRX(M) ,DTY( Ml , 
1DPY(R) .DPTH ( R ) 

150  C.CNTIMJF 

r. 

WPT  TF (6,3000 ) 
no  78  1=1. NTS 

R  FAC  (8. 3001  )  T  I  I  )  .  IUJDL  (  1  )  , ESHl  I  ) 

WP I TF (6.3002  )  TCI) ,UUOl ( I ) . FSH( I) 

7  8  CONTINUF 

r. 

MM  =  Ml  + 1 
WPI TF (6.3005) 

OC  39  J= 1 . N  M 
R  F  A  C ( 5  «  3003 )  Z(J) 

WPI TF (6.3004 )  J . 7 ( J ) 

39  CCNTINUF 

r. 

C  ******  INITIALISF  ************ 

C 

nr  17  r  =  i  • mf 
no  17  K  =  1 , 4 
nc  17  L  =  1  •  M 
OCX (R.K.l )=1. 

QCY(R,K.L)=1. 
n FL TA  (R.K.l  )=1 

r. 

F IX ( R.K.L )=0.C 
F  TY (R.K.L )=0.0 
FTXYfR.K.L )=0.0 
1  7  OCNTIMIF 

r. 

C  A (  1  .  1  ) =0.0 
C A( 2. 1 )=0 .0 
r A( 3. 1  )=0.0 
NTT  =  1 
NT=  1 

0 

1000  FORRAT  (20A4/4I5) 

1001  FORRAT  (215.2F10.3) 

1002  FORRAT  (915) 

1020  F0RRAT(F5.3.F15.6) 

1025  FORRAT (  9FP.5) 

2000  FORRAT  ('l'.70A4/'  NIJRRFP  OF  JOINTS - ='14/ 

1  •  NURREP  OF  El FRFNTS-= ' I  4  /  '  NURRFR  OT  LAYERS - =•  14  / 

2  •  MJRPFP  OF  T ! ME  STFPS= '  14  ) 

2001  F0RRAT('0'.»  JOINT  COPE  X  Y') 

2002  FORRAT  ( 2  I  1 0 . 2F 1 0. 5 ) 

20fM  FORRAT (' O'. '  FLEMFNT  GUI  J 

1  PR  I  AT  GOOF  •  ) 

FORRAT  ('  »  .  5  I  1  C . I  5, 3 1 2 ) 

2070  FORRAT (  'O'.  '  POISSONS  RATIO  (CONCRETE )  =  ' • F  5 • 3 • / 

1  •  YOUNGS  MODULUS  (  ST  F  El  )  =',F18.6  ) 


- 

fl  I 
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?n?  5 

?0?fi 

3000 
300  i 
300? 

3001 

3004 

3005 

400  1 
40  P  0 
4025 


4030 
4040 
500  1 

500? 


r. 


FORMAT  (• 

'  OF  fi . 5  ) 

FOR  MAT (  'O' 

.  '  ATX 

ABX  ATY 

ABY  DTX 

DBX 

DRY 

DEPTH  • 

) 

FORMAT  f  ' 1 • 

.  ' 

TIME— (CAYS) 

U  •  0  •  L  •  (  P  .  S  •  I.  ) 

SHRINKAGE' » 

FCRMAT(?F10.5,E15.6) 

FORMAT!'  •  ,  2F20. 5, F15.6) 

FTRMAT(F10.5) 

FORMAT! •  «  , •  '  .  14,  •  » , F  B • 4 ) 

FORMAT!  •  1 ' ,  •  LAYFR  ROUNOARY  NR  DISTANCE  FROM  REF  SURFACE • ) 

FORMAT ! 4F 1 0 . 5  I 
FORMAT  (fiFI  0. 7  ) 

FFPMATC'O','  CRFEP  FUNCTION  PARAMETERS*,/'  K  1  =  •  ,  F  1 0.  5  ,  /  '  K2  =  *, 
FI  0,5,/'  K3=»,F10.5./'  AL PH1= * , F 1 0 . 7 , / •  ALPH2=*  ,F10.7,/ 

'  Al PH3=* , F 1 0, 7,/'  Al  =  » , E15.fi, /'  A2  =  •  ,  FI  5. 6 • / •  A3=',E15.fi,/ 

'  A4=* ,F15.6,/'  A  AC= ' , F 1 5 • fi  « /  '  BBC=',F15.6» 

F0RMAT(4F15.fi) 

F0PMAT(?F15.6) 

FORMAT ( *0* , 1  GAM1=',F10.5* '  GAM2= • , F 1 0. 5 , •  G AM  3= • , F 10. 5 . 

•  GAM4=* ,F1 0.5 ) 

FORMAT  l  'O',  '  SCT  1=  •  ,  F10.4,  •  SC.  T  2=  •  ,  F  1 0. 4  ,  •  SC  T  3  =  •  ,  F  10 . 4  , 

•  SCT4=» .F10.4) 

RFTL'PN 

FND 
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SIPPCIJTRF  IOAD 


r.  computes  applifd  and  equivalent 


LOAD 


VECTORS 


CEP  PON  A( ?60 . 40) ,<(16.161 • R( 260) • VI (3*50,4,10,?), 

)  V? (3,50,4,  ID,?  ), 

?  FI X( 50,4,1 0) ,EIY(50,4, 10) ,E IXYI50.4, 10) ,SCX(50,4, 10) , 

3  Sf.  Y(50, 4,10), SCXY150, 4,10)  ♦  DNX(50,4), 

4  rNY(5r.4),FlX(50,4),FIY(60,4),FIXY(50,4),Er)X(5C,4), EOY( 50,4 ) , 

50 A( 3,3) ,0R( 3, 3 ) , X(65) ,Y(65 ) ,W(65) ,WX (65) , WY (65 ) ,WXY(65) ,HED(?0) , 

5  P(65).PX(65),DY(65),PXY(65),ABX(50),ABY(50),ATX(50).ATY(50), 

7  PT  X( 50) ,DTY( 50) ,C  PX(50) ,CPY( 50  I , DPT  H( 50 ) , T ( ? 5 ) , UUDL ( 50 ) , Z(  1  1)  , 

P  A.I  X(  10 ) ,AJY( 10 ) ,AMX( 10) , AMY( 10) .DC 11 ( 10) ,DC?2( 10),0C1?( 10) ,00  < 2) , 
1  DELTA ( 50,4, 10) , KCDE (65 ) ,NODG( 50 ) , 

?  NO)  OF  (  50)  ,  NODI  (  50  )  .NODJ  (50  )  ,  L  4 (  4  )  ,  NE  ,  N  J  ,  NL  ,  NE  0 ,  MB  AND,  N  T  , 

3  RFPFAT.NTS 

OOMPCN/OHEK/OCX ( 50,4,10) ,CCY( 50,4, 10) 


0CMPC6/C  fNO/MLC, FS, EC, SCT ,00 

DIMENSION  W1(4),W?(4),W3(4),W4(4),01(4).02(4),Q3(4),04(4) 
D1MFNSIPN  MXI(5C,4),MYI(50,4),mXYI(50,4) 

OniJPl  E  PPFO  ISION  A  ,  S  ,  R 
IMFOFR  PFPFAT 
INTEGER  G 
INTFOFR  DF (  TA 
R  F  A  I  M'C 

RFAL  *»*1,MYI,PXYI 


0. 

0  ASSUMING  ALl  PRFSCR  1BFD 

0. 

DO  14  7  I  =  1  , N  J 
W(  I  )  =  0.0 
wx(  i  )  =  o.o 
WY(  T ) =0.c 
WXY ( I >=0.0 
147  CENT  TM IF 

0 

nn  ? oc  m=i.nf 

G=NODO ( M ) 

I =NC  0  T ( Ml 
A  X=  X  (  I  )  —  X  (  G  ) 

R  Y=  Y (  T ) - Y ( G ) 

0. 

UPL  =UUPL ( NT  ) 

0 

W1  (  1  )=  UPL  *  A  X*  R Y/4 • 

W 1 (  ?  )  =  UPL* AX*PY/4. 

W  1  (  3  )  =  IID(  *AX*RY/4. 

W 1 ( 4 ) =  UPl * AX*BY/4. 

0 

W?(l)=  UDl *AX**?*PY/24. 
W?(?)=  UPL*AX**?*PY/?4. 
W?(  "»  )=-UDl  *AX**?*PY/24. 
W  ? ( 4  )  =  -UPl  *AX**2*PY/?4. 

0 

W3(l)=  UPL*AX*PY**?/?4. 
W  3 (  ?  )=-UDL *AX*RY**?/24. 
W3<  3  )  =-UDl  *AX4PY^«?/?4. 
W3(4)  =  UDL*AX*BY**?/?4. 


DISPLACEMENTS 


ARE 


ZFRO 


0 


* 

II  10,  •  •  *  •  •  ) YL A.  f4 M 


'  -  <  *  '  ‘  • 
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W  4  (  1  )  =  UnL>*AX**2*PY**2/144. 

W  4 (  2 ) =  -UDL *AX**2*PY* *2/144. 

W 4 (  ? | =  UDL*AX**2*PY**2/144  • 

W4(  4  )=-UDI_*AX**2*PY**2/144. 

152  fCNTIMIF 

r. 

r. 

f.  ******  44  *****  INELASTIC  LC  ADS  CCRFFP)  ************************ 

112  CCNTIMJE 

r. 

on  lor  k= l «  4 
MXI  (  M  .  K  >=0.0 
MYI (  M  ,K  ) =0. 0 
M  X  Y  I  (  N  ,  K  )  =  C.O 
DNXY=rPTH(M)/2. 

nr  i o c  l= l «  m 

H  =  7  I  L  -*■  1  )-7(L  ) 

r.  EC  l=Ff  /(  1-MLJC**2  )*H*OCX(  M,K,L)*FIX(M,K,L) 

MXT(M,K)=MXI(M.K  )♦ (DNX (M,K  I-(7(L  +  1M-Z(L)  )/2  •  )*CEC1 

CFC  2=NtJC*FC.*H/(  l.-MIJC’**2)*QCX(M,K»L)*QCY(M,K»L)*EIY(M.K»L) 

MXI  ( M,K)=MXI (M.KK(DNX(M,K)-(Z(L  +  l)+Z(L)  )/2.)*CEC2 

f.  FC  3=  MUC*EC  /  (  1  ,-Ml/C**?  )  *H*QC Y  (  M  . K 1 1 )  ♦OCX  (  M»  K  ,  L  )  *E  I X  (  M,  K  ,  L  ) 

MYI  (  M.K  )  =  MY1  (  M.K  )♦  (DNY  (M.K  )-<Z  (LM  H-ZIL  )  )/2  .  )*CEC3 
CFC4*FC/(  1-MUC**2)*QCY(  M  ,  K  ,  l  )  *H*F  I Y ( M. K ♦ L  ) 

MYI ( M.K )=MYI (M,KK  (DNY(M,K )-( ZCL  +  1  KZCL  )  >/2. )*CEC4 
C  FC  5  =  h*GC*F I XY ( M . K  ,  U 

MXYI(M,K)  =  MXYM  M.KKIDNXY  -(ZIUll  +  Z(LI  )/2. )*CEC5 

100  CCNTIMJF 

r. 

MXM  M,1  )*<  MXI  CM,  1  KMX!  (M,2l*MXI(M,3)+MXl(M,  4I1M. 

MXI  ( M ♦ 2 )  =  MX  I  ( M  ,  1  ) 

MXI  (  M  ,  3 )  =  MX I  ( M  *  1 ) 

MXI (M.4)=MXI (M.l) 

r. 

MYI(M,l)=(MYI(M,l)+MYI(M,2)+MYI(M,3)+MYI(M,4))/4. 

MYI  (  M  •  2  )  =  MY  I  (  M  ,  1  ) 

MYI  (  M  ,  3 )  =  MY I ( M • 1 ) 

MYI  (  M  •  4  )  =  MY  I  (M.l  ) 

c 

MXYI(M«]  )=(MXYI(M»1 ) *M X Y I ( M , 2 ) ♦ MX Y I ( M , 3 ) ♦ MX Y  I  (  M ,  4  I  )  /4. 

MXYI  ( M  «  2 )  =  MXY I (M.l  ) 

M  XY  KM,3)  =  MXYI (M.l) 

M  XY  I  ( M  «4)=MXY I (M. 1  ) 

r. 

r 

OK  1  )=MXYI(M,1)/(AX*BY)*2. 

Ql( 2)=-MXYI (M.?)/(AX*8Y)*2. 

01( 3  |  =  MXYI (M.3)/(AX*BY)  *2. 

OK  4)=-MXYI (M.4)/(AX*RY)*2. 

0  2 (  1  I =  —  MXI (M.l)/ (  2.*AX  » 

02 (  2  I =-MX  T ( M , 2 ) / ( 2*AX ) 

Q2( 3 )  =  MXI ( M  ,  3  )  / ( 2.*AX ) 

02(4 )  =  M  X  I ( M.4 ) /( 2.*AX) 

0  3 (  1  )=-MY I (M. 1  I / ( ? • ♦PY 1 
Q3(2)=MYI(M,2)/(2.*RY) 

0  3 ( 3 1  =  MY  I ( M*  3 ) / ( 2 • *BY ) 

03(4)=- MY I(M, 41/(2. ♦BY) 

04(1)=-  (MXI (M.l  )  ♦BY/ ( 1 2 • ♦ AX ) +  MYI (M,1)*AX/(12.*0Y)) 

04(2)=  (MXI ( M  «  ? ) *BY/ ( 1 2 • * A  X ) ♦MY  I ( M  *  2 ) *  AX / ( 1 2 • *  B Y)  ) 

04(  3  )  =-  (MXI  (M«3)*BY/(12.*AX) ♦MY I(M,3)*AX/(1?.*BY)) 


M  *  K1U—  K  |*W 

'  . .  ■  ; 


0A(  A)=  (MX  I  TN*4)*flY/(12.*AXl+MYlTMt41*AX/(12.*BY)  1 

f. 

nr  102  i j= i » 4 

on  t j >  =  o  1  c  1  J)*AX*PY 
0?  C  I  J  1  =  0?  C  f  J  )  *  A  X  *  P  Y 
QTT  I J  1  =  03 ( T  J ) *AX*P Y 
Q4T  I J  1  =  04  T  I  J  MAX*PY 

in?  cpntimif 

4*5?  C  CN  T  I  MJF 
103  CCNTTMJF 

c 

r. 

r. 

N  =  1 

i  g=  n  r  no-  t  m  i 
or  to  *«oo 

400  N=? 

I G=NmH(  Ml 
GO  TC  3C0 
SCO  N  =  3 

IG=NCCI I  Ml 
GO  TO  too 
600  N  =  4 

IO=NOr J(M1 
TOO  K  =  K  OOF ( IGI 

I F  C K.LT.100C)  GO  TO  10 
GC  TO  20 

10  W(  TO  )=WIG1+W1  (N)  +01  (  N  ) 

GC  TO  21 

20  K  =K -  1  TOO 

21  CONTINUE 

I  F( K  .1  T.100 1  GC  TO  30 
GC  TO  40 

to  WXT  IGI  =WX  <  TG)+V»2IN1  +  Q2TM 
GO  TO  41 

40  K  =K - 1  CP 

41  CONTINUE 
IFTK.LT.10)  GC  TO  50 
GO  TO  60 

50  WYC  f  G  »  =WY  (  I G  1 +to  3  (  M  +03(M 
GC  TC  61 

60  K=K-1 C 

61  CCNTTMJF 
IFTK.lT.il  GO  TO  70 
GO  TC  PO 

70  WXY T IG1=WXYI IG 1 +W4 (N)  +04TM 
PO  CONTINUE 

IFTN.EO.il  GC  TO  400 
TFT  N.EC.2)  GO  TO  500 
IFTN.EC.3)  GC  TC  600 
200  PONT  I  MJF 
R  FT  IJP  N 
F  N  0 


% 


r>  n 
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SlPRPljTINF  STIFCS 

COMMON  A(?oO,AO),S(15»16) , P(250), VI ( 3.50.4. 1C, 2) , 

1  V2<  1C, 2) , 

2  FI X  (  50 » A  , 10)*FIY(50*A,10) »FIXY(50»A»10) »SCX(50,A»10) , 

7  SC.  Y  (  *P  .A  ,  1  n  )  .  SCXY(  50,4,  1C  1  ,  DNX(50,A), 

A  risi  Y(  50,  A).  FIX(  50.  A)  ,F  I  Y( 50,  A),  FIXY(5C,  A)  ,  F  CX  (  50  ,  A  »  ,  EG  Y  <  50  ,  A  )  , 
5CA('a,7),CB(7*?)*X(65)*Y(65),W(65)*WX(65)fWY(65),WXY(65)»HED(20), 
f  C(f5),PX(55),0Y(fc5),0XY(65),ARX(50).ABY(50),ATX(50),ATY(50), 

7  CT  X  ( 50) ,0TY( 50),CPX(5Q) ,rPY( 50)»DPTH( 50) ,  T  (  2  5  ) , UUOL ( 50 ) ,Z(  11 ) , 

P  AJ  X( 10) , AJY( 10 ) , AMX( 10) , AMY( 10) ,0C11 ( 10) ,DC22( 1C) ,0C12( 10) ,C  M  2) , 

1  DELTA (50, A, 10),KDDE (55 ) ,NODG( 50) , 

2  fvrnp  ( po)  , modi  ( 50 )  ,nopj ( 50 ) ,lm( a)  ,ne.nj.m.nec,mbano,nt, 

7  PF  PF AT .NTS 

CCMMCN/PLSTC/  Dll  (  5O),022(  50), 012(50)  ,037(50 
COMMON  /CHFK  /  OCX  (  50,  A,  1  0  )  ,OCY(  50,  A,  10  ) 

C.OMMCN/C.CNC.  /  MUC,  E  S  »  EC.SCT  ,GC 

DIMENSION  ACX(A),ACY(A).AMAX(A),AMAY(A) ,DD1 1 (A ) , DD2  2 ( A ) , D01 2 ( A ) 
nrilPLF  PRECISION  A  ,  S  »  R 
PCUPIF  PRECISION  Cl  1,012 ,C22,D33 
INTFGFR  REPEAT 
I  NT  FCFP  OF l  TA 
C 

C  ****  fCYPUTF  EFFECTIVE  TRANSFORMED  AREAS  *********** 

R  F  A  I  MR 
RFAl  Ml  )C. 

MR=ES/FC 
PC  100  M=1.NF 
PC  20  1=1, A 
ACX ( I  )=C.O 
ACY (  I  )=0. 0 

pr  i  c  j=i  ,m 

H=7  (  .1  +  1  )-7  (  J  ) 

A  .)  X  (  J  )  =  OC  X  (  V  ,  I,  J)*H 
A JY ( J )=OCY( M,  I  , J ) *H 
ACX  (  I  )  =  AC  X (  I ) ♦ A  J  X ( J  ) 

A  C  Y  <  I  )  =  A  0,  Y  (  I  MA.IY(J) 

10  CONTINUE 

ACX  (  1  )  =  A  C.  X  (  I  )*MR*(ATX(M)+ARX(M)  ) 

ACY  (  I  )  =  ACY( I )+MR*(ATY(M)*ARY(M)  ) 

20  CONTINUE 

****  COMPUTE  NEUTRAL  AXIS  DEPTHS  ***** 

PC  AO  I = 1 , A 
AMA  X (  I  )=C.O 
A  M  A  Y (  I  ) =0 . 0 
PC  ^0  J  = 1 , N  L 
H  =  7 ( J41  ) -7 ( J  ) 

A  M  X  (  J  )  =  00.  X  (  M  ,  I  •  J  )  *  H  *  (  Z  (  J  ♦  1  )  ♦  Z  (  J  )  )  /  2  • 

AMY ( J  )  =  OCY(M,  I. J) *F*( Z( J+l  )  +  Z( J)  )/2. 

A  M A  X  (  I )  =  A  M  A  X  (  I  ) ♦ AM  X ( J  ) 

A  M  A  Y (  T  )=AMAY(  I  )*AMY(J) 

70  CENT INCF 

A  MA  X  (  I  )=AMAX(  I  >  ♦  MR*(ATX(M)*DTX(M)*ARX(M)*DRX(M)) 

AMAY(I)=AMAY(I)fMR*(ATY(M)*PTY(M)+ARY(M)*DRY(M)) 

PNX(M.U  =  AMAX(I)/ACX(I) 

P  N  Y  (  M  «  1  )  =  A  M  A  Y  (  I  )  7  AT  Y  (  I) 

AO  CCNTFMJF 


. 
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C  *♦*♦*♦♦  rOMPLTE  STIFFNESS  COEFFICIENTS  *****♦♦**♦♦ 

C 

or  fto  i=i»4 
nci  1  ( i  »=o.o 
nr??<  i  >=o.o 
nn  2(  i  >=o.o 
nr  so  j=i,nl 

nci  II J)=OCX(M, I, J)*(DNX(N, I )-(Z( J*11*Z( Jl )/2. )**2* ( Z  ( J*  l  )-Z ( J ) ) 
DC22(JI=GC.Y(P*  I»J)*I  ONY  ( M  *  I  I  - 1 Z 1  J  *1  )  *Z  (  J  )  I  /  2  .  )  **2*(  Z  (  J*  1 )-Z  (  J )) 
YNn=<CNY(M.n-(  zi  j*n*z(  j>  >/2.)*(  z(  j*i  )-zu) ) 

DC  1  21 J)=CCX(P, l , J)*QCY( M.  I  ,  J  I*  f  DNX  I  M  ,  I  )-(Z(J*l)*Z(J)  1/2. )*(YND) 
PD1  1  111=001  1 1  I  I  *DC 1 1 ( J ) 

OC22I  I ) =DD  2  21  I  > ♦OC  22 «  J I 
D  01 2  I  I)  =  D012I  1 l*DC12( J  > 

SO  CCNT  I  MJF 

PCI  II  I)  =  EC/  1 1 -MUC**2 ) *001 1  I  II  *MR* AT  X  I H ) *  I DNX I M, I l-OTXIMI  l**2*EC 
1  4MR*APX(M)*(DNX(M*II-DBX(M)  )**2*EC 
PC22I T)  =  FC/( 1-PUC**2)*DD22 I  I)*MR*ATY(P)*(0NY(M» I l-DTYIM) l**2*EC 
1  *PR*ARY(MI*(DNY(M. I  I -DRY! M) )**2*EC 
PCI  21  11  =  EC / 1 1-MUC**2)*DD12( l)*MUC 
60  CONTINUE 

nil  IN  1=1 DDl 1  I  1  I +00 11 1  21+00111 3) *00 11(41  I /4. 

D22  (  P  )  =  (00221 1)*DC22(2)*0C22( 3) *0022(4) )/4. 

01 2 (N)  =  CD01 2(1) *00 121 2 1 *0012 (31*001 21 4) ) /4. 

100  CONTINUE 

WPI TE  (6.101 1  ) 

DC  120  P  =  1 «  NE 
0  33  IP  )  =  GC*nPTP(MI**3/12. 

WPI TF (6. 1012)  P. Dll (M),D12 IP). 022(F). 03 3(M) 

120  CONTINUE 
C 

1011  FCPPMl'O'.'  ELEN  Cl  1  012  022 

1  033') 

1012  FCR  P AT  I  '  * •  I5.4E15.6) 

r. 

PFTLPN 

F\n 


0< 


•  \ 

c  c 
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St  R  R  0  It  T  inf  stiff 

0.  +  * 

ASSFNPLFS  STRUCTURE  STIFFNFSS  MATRIX  IN  BANDED  FORM 

*********************************************** 

0. OH  NON  A(2 60, 40). $(16,16) , PI  260) , VI (3.50.4,10,2), 

1  V2I3.50.4, 10,2). 

2  FIX(5C.4,10),EIY(50.4.10),FIXY(50,4,10),SCX(50.4,10), 

3  SCY(50,4.10).SCXY(50,4,10),  DNXI50.4), 

4  ONYC  5C.4),FIX( 50 , A ) , F I Y I  50,4) ,FIXV( 50,4) ,EOX( 50,4) ,EOY( 50,4) « 

5C  A ( 3 • 3 ) * C B I  3 , 3 ) . X  I  65 ) . Y  C  6 5 ) , W ( 6 5 ) • WX ( 6 5 ) . W Y I  65 ) , W X Y ( 6 5 ) ,HED( 20) , 

6  C(65).nx(65l,DY(65),0XY(65),ABX(50).ABY(50),ATX(50),ATY(50), 

7  CTXI50) ,DTY(5O),CBX(50) . D BY  I  50  )  , DPT H ( 50 ) , T ( 25 ) , UUOL ( 50 ) , Z I  11) , 

B  AJXI 10) ,AJY( 10 ) ,AMX( 1 0 ) , AMY ( 1 0 ) , DC 1 1 1  10 ) , DC 2 2 ( 10 ) , DC 1 2 ( 10 ) , CO I  2 ) , 

1  DELTA! 50,4, 10) ,KODE (65 ) ,N00G(50) , 

2  NfDH(50),N0C 1(50)  ,N0DJ(50  )  . LM ( 4 ) , NE , N J , NL , NEC , MB ANO , NT , 

3  RF PEAT. NTS 

r. 

CCMNCN/IDS/  IC 
DIMENSION  NOD ( 4 ) 

DCUPl F  PRFC ISIGN  A.S.R 
INTEGER  REPEAT 
INTFGFR  DELTA 

r. 

C  DFTFEMINF  BAND  WIDTH 

C 

Nr=c 

or  50  1=1, NF 
nod ( i  )  =  Nrnr,(  i ) 

NOD  (  2  )  =NC*DH  (  I  ) 

NOD ( 3  )  =  N C 0 1 ( I  ) 

NCD(4)=N0DJ(I  ) 

r. 

DC  50  j= i , 3 
j j= j+i 
r. 

DC  R0  K  =  J  J  , A 
C 

KK= I ABS ( NOD ! J )— NCC ( K ) ) 

r. 

I F ( (KK-ND) .LE.O)  GO  TO  50 
ND=  KK 

50  CCNTIMJF 

MPAND=(  ND«-1  »  *4 

NFQ=4*NJ 

DO  200  1=1. NFC 

p ( i  )=e.o 
no  20  C  J= 1 , MB  AN  D 
200  A ( I , J )=0.0 

c 

DO  500  N= 1 «  NF 

0.  FORN  16X16  FIEMFNT  STIFFNFSS  MATP1X 

1  0=N 

r. 

C  Al  1  FI  F N 

0. 

C  ADC  FIFMFNT  STIFFNESS  TO  TOTAL  STIFFNFSS 

r. 

LN(  1  )=4*N0DC( N )-4 


% 
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|  |*(  ?  |  =  A*N0DH(M-4 
(  i  i  =  4*Nnm  ( tv  )-4 
L  N ( 4  »=4*N0PJ(  M-4 

r. 

nr  4or  t=i,4 
nr  400  j= l • 4 
c 

nr  40 n  k  =  l *  4 

I  !  =  1  N  (  II+K 
K  K  =  4*  T-4+K 

c 

nr  4or  l  =  l  •  4 

JJ  =  LM.1IU-I  T  ♦  1 
IF  (JJ.LF.OI  GC  TO  400 
IF  < J J.GT. MRANO)  GO  TO  400 
L [ =  4* J-4  +  L 

A  (  I  I  «  J  .1 1  =  A  (  I  I  •JJ!*S(KK,LU 
4P0  rrNTINUF 
r. 

■son  ccm  inuf 

r. 

P  F  T  li  R^ 

c 


f  n  n 
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SLRPOLTINE  FI  E  M 

C  ********** t************************************ 

C.  COMPUTFS  ELEMENT  STIFFNESS  MATRIX  -  ORTHOTROPIC  MATERIAL 

r.  **** ** ***************************************** 

r. 

COMMON  AC  260, AO) ,  SC 16,161 ,B(  260  )  ,  VII  3 , 50 ♦  4 , 1  0, 2  )  , 

1  V? C 3,50.4. 10*?) , 

?  Fiy(5f,4,10)«FIY(50,4,10),FIXY(50,4,10)»SCX(50,4,10)» 

3  Sf.  Y(5P, 4,10), SCXYC50, 4*10),  0NX(50,4), 

4  DN  Y.(  5C  ,4)  ,FI  X(  50*4)  ,FIY(50,4)  .  F  I  X  Y  (  50 , 4  )  *  E  OX  (  50 . 4  )  ,  EOY  (  50 , 4  )  , 

5C AC  3,3) ,f BC3, 3) ,X(65) *Y(65) • W(65) ,WX(65) ,WY(65 ) * WXY l 65 ) , HEO ( 20 ) * 

6  CC  65 ) .0X145) , DY C 6 5 ) , OX Y l 6 5 ) , ABX ( 50  )  . ABY ( 50),ATX( 50) .AT Y( 50) * 

7  OTXC  50) »DTY(50),DBX(50) , C BY ( 50 ) . DPTH ( 50 ) , T ( 25 ) , UUDL ( 50 ) , Z ( 1 1 ) , 

fl  AJXC 10)«AJyC10)*AMX( 10), A MY  CIO), OC 11C 10)*DC22( 10)«0C 12(10) »C0( 2 ) » 

1  0ELTAC50.4*10) .KODEC55) ,N00G(50), 

2  NO  OH l 5  0),N00I ( 50  )  ,N0DJ(5C  )  ,LM(4) , NE , N J , NL , NF C , MB  AND* NT , 

3  RFPFAT ,NTS 
C 

COMMON/ PL STC/  D  1 1  (  50 )  ,  02 2 <  50 ) , 012 ( 50 ) , D? 3 ( 50  ) 

CCMNON/IOS/  IC 

COMMON  /LYN/C1(3,16),C2(3,16),C3C3.16),C4(3,16)*P1C3,16),P2(3,16), 
1  P  3  C  3  ,  1  6  )  ,  P4  C  3  •  1  6  ) 

DIMENSION  00(3,16),  ZZ ( 5 ) , AO ( 5 ) , AR ( 5 ) . 0 1 ( 5 ) , 02 ( 5 ) , 

20 3C  5) .04(5) .05(5) ,06(5),07C5),R1(5),R2(5)*R3(5),R4(5),R5C5), 
3P6C5),P7C5),A1(16,16),A2C16,16),A3C16,16),A4(16,16)»A5(16*16) 
DCUPIF  PRFCISICN  A.S.B 

DOUBLE  PRECISION  C 0 , Z Z . AG , AR , 0 1 , 02 , 03 , 04 , 05 , 06 , 07 , R 1 , R 2 , R3 , R4 , R 5 ♦ 

1  R6.R7.A1.A2, A3.A4.A5 
DOUBLE  PRFCISICN  AX, BY 

DOUBLE  PRECISION  0  1  . C2 , C3 . C4 ♦ P 1 , P2 , P3 , P4 
DOUBLE  PRECISION  Dll, D12, 022,033 
INTEGER  G.H 
INTFCFR  REPEAT 
INTFCEP  DELTA 
C 

n=ic 

r 

c 

G=N00f:  ( N ) 

H  =  NCDMN) 

I =NCO I C  N ) 

J=NODJCN) 

AX=X( J)-XCG) 

B Y=  Y ( P  )  — Y  (  G  ) 

CC I  1,1  )  =  1/AX**2 
COC  2.  1  )  =  1/BY**2 
COC  3,1  )  =  2/C AX*BY) 

COC  1 »  2  )  =1 /AX 
roe  2.2  )  =  AX /BY**2 
COC  3.2  )  =  2/BY 
CPC  1  .  3  )  =BY/ AX**2 
COC  2.3)  =  1/  BY 
COC  3.3)=2/AX 
COC  1  ,4)=BY/AX 
COC  2,4 )  =  AX /BY 
COC  3 . 4 ) =2 . 

COC  1  .5  )=-l/AX**2 
COC  2,5)=— 1/BY**? 

COC  3.5)=-2/(AX*BY) 


. 


-  X  ■ 
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CP(1'6)«-1/AX 
CC( 2,f)=-AX/BY**2 
cm  3,f  )=-2/RY 

err  i  ,7  i=py/ax**2 

CPI 2.7)=1/PY 
rr(3,7»=?/Ax 

rot  1  .  p  1  =  R  Y  /  A  X 
C0(  ?  .  f  1=AX/BY 
f.r(  3. p  )  =  2. 
cr(  i .o  i  =  i  /ax**2 
err ?  *  9 )  =  1 /r  y**  ? 
cor  3.5»=2/r  ax*pyi 
err i . 10 i =-i /ax 
rnr  2 .  l  c  »  =-a x /by**2 
enc3,io)=-?/BY 
err  1  .11  )=-RY/AX**2 
err  2 . 1 1  i=-i /by 
err  3.11  i=-?/ax 
err i.12)=by/ax 
err  2.12)=ax/ry 
ccr  3. 1?  i  =  2. 
enr 1 . 1 3 i=-i /ax**2 
err  2 . 1? >=-1 /ry**2 
err 3,13)=-2/(ax»ryi 
err  1 .14»  =  i/ax 
err  2 , 14 i=ax/ry**2 
err  3 . 14 1 =2/py 
err  1,1  *5  i=-ry/ax**2 

Cm  2, 15)=-1  /PY 

ecr  3  ,15)=-2/ax 
enr 1 , 16>=by/ax 
err  2 . 1 6 i  =  ax/ry 
err  3,i6)=2. 


nr 

400  1=1. 

16 

or 

400  J=l, 

16 

no 

30C  M=  1  , 

5 

I  F 

(  t>  .1  F.3  ) 

or 

TO 

200 

I  F 

( M.FQ.4 1 

GC 

TO 

210 

I  F 

(y.F0.51 

oc 

TO 

220 

200  K=V 
l  =M 

or  TC  250 
210  K  =2 
(  =1 

OC  TO  250 
220  K  = 1 
l  =2 

or  TO  250 
250  OCNTINUF 

c 

01  r  M=ei  jk.  n*ci  rt .  j  > 

02CMI=01(K.  I)*C2(L« J)*C2f K.  II*C1IL,J) 

03(  M=r  1  (K.  I  )*C3(L  •  JI+C2  (K'  I  )*C2(  l  .  J  1  ♦C3(K.  I  )  *C  1  ( L  »  J 1 
04(Xl=rHK.l  )*C4(l*J)-*-C2(K»  I  )*C3(L*J)+03(K*  I  )*C2(LtJI  +  C4(K*  I)* 

ie  i  r  l  ,  j  » 

Q5(M1=C2<K.I)*C4(L.JI*C3(K,I  1*C  3  (  L  ,  J  1  *C.4  <  K  .  I)*C2(L.J) 

Of  I P »=C3(K. I  )*C4(L • Jt+C4(K« I  1*0  3(1  ,  J) 

07( N 1 =04 ( K  « I  1  *C4 ( L . J 1 


■  ,  i  -  *  )  •; 
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r. 

RHv)  =  pi(K.n*Pi<Lfj) 

P?(P)=P1(K,IMF2(l.J)+P2(K.I)*P](LfJ) 

P3<M  =  Pl(K.n*P3(lfJ)  +  P2(K.n*P2(L.J)-*P3(K,n*Pl<UJ) 

PM N  |  —  P ] (K. I )  *  PM  l  «  J  )  +  P2 ( K • I  )*P3(L»J)+P3(K» I )*D2(LtJ)  + 

1PM  K,  I  )*P1  (l  ,  J) 

Pc( V  )  =  P2 ( K  « !  )  *  P  A ( L *J)+P3(K»I  )*P3(L*J)+P4(Kt I  ) *  P2 ( L  »  J  ) 
PMM=P3<K.IMP4(L,J)+P4(K.I)*P3(L.J) 

P  7(  V  )  =P4 ( K .  I  )*F4(L  ♦  J) 

AC{M  =  Ol(M)+O?<M)/?.-K0  3(M)/3.+OM  M)  /4.+05(  M  )/5.  +  Q6(M)/6.+Q7(M>/7. 
AR(M)=R](M)+R2<M)/?.+R3<n/?«+R4<M)/4.+R5(M)/5.+R6(M)/6.*R7<M)/7. 
7  7  (  R )  =  AO(M) * AP ( M  ) 

r 

300  CCN7IMJE 

a  i  ( i .  j ) = z  z  m 

A?<  T  •  J  )  =  7  7  (  2  ) 

AM  !  •  j)=/zm 

A  4  (  I  ,  J  )  =  Z  7  (  4  I 
AM  I . J)  =  77( 5  ) 
f. 

40  n  s  (  T  ,  J  )  =  AX*RY*  (CO  (  1«  I)  *C0(  ltJ)*Al(I*J) *011(10) 

1  ♦Cr(2.n*rC(2*J)*A2(l«J)*0?2<  ID)  +  C0<  3*  J)*A3<  I  ,  J)  *C0<  3,  I  ) 

2  *033(  10)  +f.  0(  2»  I  )  *C0  (  l  ♦  J ) *  A4 (  I  ♦  J  )  *D 1 2 {  ID) 

3  ♦f.cu,n*r.ni?,j)*A5(i»j)*Di2(ion 

c 

r. 

r. 

R  F  T  ( !  R  N 
F  NO 


•  ■  -  ; 

/.i 


\ 
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C  ********4*************** ******** *************** 

r.  IN-CCPF  LINEAR  ECUATION  SOIVER  FOR  SYMMETRIC  BAND  MATRICES 

C 

CCMMCN  A  (  ?f>0 , 40  I  ,  S  (  16*16)  »R(  260I»V1(3»50,4»  10*2)  , 

1  V2( 3,50,4.10,2), 

?  FTX<5"I,4,10),EIY(50,4,10).EIXY(50,4,10),SCX(50,4,10), 

3  SCY(50,4,10)*SCXY(50,4»10),  DNX(50,4), 

4  DNY( 5r»4)*FIX(50,4),FIY(50«4)  .  F  I XY ( 50 . 4  )  , F OX ( 50 . 4  I  * EO Y ( 50 , 4 ) , 

5CA( 3, ?) ,CB< 3,2) ,X<65) *Y(65I ,W(65) *WX(65) *WY(65 1 ,WXY(65) ,HED<20) , 

6  r(t5),nx(65)*nY(65),DXY(65),ABX(50),ABY(50),ATX(50),ATY(50), 

7  nTX(5O),r>TY(50),CRX<50)  ,  D  BY  I  50  )  ,  DPT  H  I  50  )  .  T  (  2  5  )  ,  UUDL  (  50  )  ,  Z  (  11), 

8  AJX(  10),AJY(  10)*AMXU0),AMY(  10),  DC  11  ( 10  )  ,  DC22  ( 10 )  ,  DC1 2  ( 10  )  ,CD(2), 

1  DELTA! 50,4, 10) ,K0DE!65) ,NODG( 50), 

2  NDDH  ( 50 ) .NODI ( 50) ,NODJ( 50 ) ,LM( 4) , NE , A J ,NL , NEC , MB AND, NT , 

3  RFPFAT.NTS 
INTEGER  REPEAT 
INTFGFR  DEI TA 
DIMENSION  S  S ! 1 0400  » 

FCUIVALENCF  (SS,A) 

DCUPLF  PRECISION  A.S,B 

DOl)  PL  F  PRECISION  SS, PIVOT, C 

c 

NCOL=260 
N  N  =  4  *  N  J 
NP  =  NN 
NPS=NR- ] 

MMR=MP AND-1 
C 

100  DC  120  N= 1 . NR  S 

M  =N  -  1 

MP=MINO  ( MR  AND, NR-M ) 

c 

c 

P  I V  0  T  =  S  S  (  N  ) 

c 

c 

J  =  N 

DT  120  1=2, MR 
J=J  +NCPL 

104  C=SS( Jl/PIVOT 
C 
0 

I  1=  M  +  L 

I  2= I  1 ♦< MR-1  ) *NCOL 
I  1  =  J 

DC  110  1  =  11 ,  I2.NC0I 
SS(  I  1  =  S  S ( I ) -C*  SS ( I  I  1 
110  I  1=  I  I+NCCL 
120  SS(J)=C 

c 

c 

1CHFCK=0 
nr  150  1=1. nn 

IF  (SMI  1.1  F.C.O)  I  CHFCK  =  1 
150  CCNTINUF 

IF  (ICFFCK.FC.il  CALL  EXIT 
C 

200  DC  220  N= 1 , NR  S 


\ 


I  I 


HR=  M  NO ( ^ MR , N  P-N  » 

C  =  P (N  ) 

P  <N  l=r/SS( N  ) 

K  =N 

I  1  =  N  1 
L?=N+RR 

DT  ??C  L=L 1 .1? 
k  =k  +Nr.rL 

77  0  P  CL  l  =  P  (  L  )-.SS  CK  )  *C 
fl  (  N  R  )  =  P  (  NR  )  /  S  S  (  N  R  ) 

300  nr  3 ?o  i  =  i. nrs 

N  =  N  R-  I 

MR=MINCCMMR . I ) 

J  =  N 

L  1  =  N  ♦  1 
L  2  =  N  4  P  R 

nr  2  20  L=L 1  .  L  2 
J=J4N0CL 

320  RCN  )  =  P(N)-SS(JI*PIL) 
400  R  FT  UR  N 

f  n  n 


X 
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si  pprtiT  inf  r.  pro 

f.  fc****''}'*******^’*^****#**#****#*!**:***#*******#*** 

r.  r. r ^ p u i f s  psfijfp- 1  n stantanfpus  plastic  and  shfar  moduli 

CC “PCN  A(260,40),S(16,16)»P(260)»V1(3»50»4»1C*7), 
i  v?  ( 3 .50,4 , 10.? ) , 

?  FlX(T»4,10),FIY(50,4»10)»EIXY(50»4flO),SCX(50f4»10)» 

3  SCY  (  *>0,4. 1  0)  .SCXY  ( •50*4. 10  )  ,  DNX(50,4), 

4  DNY(cr.4).rm50,4).FJY(50,4),FIXY(50.4),FCX(S0,4),  EOY ( 50 , 4  I  , 
5CAM.T).rR(3,3).X(65),Y(65),V<(65),WX(65),WY(65> , WXY( 65 ) ,HFD(20  >  , 
f  D(Fc).nx(4c>)tnY(65)»0XY(65),ARX(50)»ARY(50)»ATX(5O),ATY(50)» 

7  DT  X( 50) ,DTY I  50) ,TBX ( 50) .DRY! 50) ,DPTH( 50) ,T (25 ) ,UUDL (50 ) , Z(  11 ) , 

B  A J y(lC). A JY(10).AMX(I0), AMY (10), OC 11(10), OC 22(10). OC 12(10), CD(2), 
1  DELTA (50.4 , 10 ) ,KODE (55 ) ,NDOG( 50 ), 

?  NODHC^O). NOD  1(50) ,NODJ (50),LM(4),NE,NJ,NL,NEC,MPAND,NT, 

3  PFPFAT  ,  N  T  S 

ctn  m c n / c. r n r  /vlc.es.fc ,sct ,r,r 

DOUR  I  F  PR  FT  I SITN  A,  S, R 
IMTFCFP  PFPFAT 
IMFfFP  OF  I  TA 
P  F  A  |  M'C 

r 

Ff-r  .r 

nr  20  i j  = l . 7 

FC  =  FCF<R(  !.),?)  MCA  <  IJ,  3)  *CA<  IJ,2)  ) 

20  cr  NT  I  MIF 

f  c  =  f  r  4  r  n  ( 2  )  ♦  c  r.  ( 1 ) 

ft  -  2.r/rr 

r,r.  =  r  c  /  (?.*(  i . +  muc  ) ) 

wfM  tf  (4, no 3 5  >  Ff.  ,r,r 

no’4  FORMAT  (  *  0  *  .  '  INST.  ELASTIC  MnDULUS= '  »  F  1  2  •  5  «  / 

]  «  ^  F  F  A  P  MPDIII  L c  =',p12.5) 

P  F  T  l '  P  N 
F  ND 


' 

■ 
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SI  I*  PM  1  I  A'F  P  AP  AN 

f  ***********-*  $*$*$*<1$**.*' ***********  *******<***** 

rr  r r n p 1 1 t r s  r  r  f  f  p  parameters  CA.rn.cn. 

Crvpr  N  A(?0  0,4  0).S(16,1M.P(?FO).V1(3.,>0,4.10,?), 

1  V?  H . S0.4. 1 0.7  1 . 

?  F  !  X  I  SO.  4 , 1  0  )  ,F  !  VI  SO.  4, 10  I  ,F  JXY(«50.4, 101  ,SCX(  50.4, 10)  , 

3  Ff V  I  c0,4, 1 0) , SCXYI 50.4. 10 ) ,  PNXI50.4), 

4  CNY(‘>f,4).FrX('50,4),FIY(50,4),FlXY(5C.4>.F0X(‘>C.4),EnY<50.4), 
sr A  (  3,  o)  ,r.H  (  3 . 3  I  .  X  I  <S5  )  ,Y(6*>  )  .WIFS)  ,WX(65)  .WY(65  ) .  WXYI65  )  .HFOI  20  )  , 

(■  r  (  F  5  )  ,  0  X  (  4  S  )  .  C  Y  (  6  S  )  ,nXY|ft5)  ,  A  R  X  (  50)  »  A  R  Y  (  50)  »ATX(50)  .  A  T  Y  (  5  0  )  • 

7  CT  X ( SO l ,OTY ( 50) , rPX(BO) ,CRY( 50)  ,0PTH( 50) ,T( 25)  .Uljni  1501,7111), 
p  AJX(  10) ,AJY(10) . AMX( 10) , AMY< 10) ,0C11< 10) ,0C22( 10) ,DC12( 10) ,C 3(  2)  . 
1  OFLTAI50.4.10) ,K0DE(65) .NO0GI50) , 

7  NTOMSO)  .Nmi  (  50  )  .nodj  ISO  )  ,  LV(  4  )  .ne.nj.m.neg.mband.nt, 
o  RFPFAT.NTS 

rCMf'CN/TPACK/NTT 

fCMFCN/ PARC'S/  K  1  .  K  2  .  K3  .  A I  P  H  l ,  A  L  PH?  ,  AL  PH3  .  A 1 ,  A2  .  A3 .  A4 ,  A  AC ,  RRC 

crvprA/r.fNr. /piic.fs.ec.sct.gc 

nniPLF  PPFCISICN  A.S.R 
INTFfFP  PFPFAT 
I  NTFC  FP  D  F  I  T  A 
R  F  A  I  MIC 
R  F  A  I  K 1  ,K? . K3 

****  **  ******  *f  p  f  pp  PAPAMETFPS  *********< ************** 

1 F ( NT.FO.l )  GC  TO  7? 

.11=1 

GO  TC  ?o 
7?  Jl=? 

70  nr  ioi  j=.i i . 3 
JJ= J-1 

I F( J.EC.l )  TT=T (NT-1 ) 

IF(  J.FC.7)  TT  =  T(M) 

1 F( J.FC.3)TT=T (NT+1 ) 

7  0  r.CNTIMjF 

I  F  (  MT.FC.  1  )  T  T  =  T  (NT) 
on  r.CNT  1  MIF 
c 

F  1  =  K  1  *  T  T 
F  ?=  K  7  *  TT 
F  3  =  K3*TT 
C 

CAA=A1+A2/TT**0.1*A3/TT**0.2+A4/TT**C.3 

C 

C 

C  A (  1 . J  )=-Al  PH1*CAA*EXP(F1) 

C  A ( 7 , J ) =-  At PH?*r A A*EXP( F2  ) 

C  A (  3 • J  )  =-At  PH?*CAA*EXP(F3) 

r. 

IF  ( J J.tT. 1  )  Gr  TC  101 
F  4= - F  1 
F  5=  -  F  ? 

Ft  =  - F  o 

CP(  1  .  J.I)=EXP(F4  ) 

0  P(2.JJ)  =  EXP(F5) 
rPI 1.JJ1=FXP(F6) 

r. 

fC(JJ)=(AlPHl+ALPH2*AlPH3)*CAA*AAC/TT*RRC 


r. 

31 
1  0  1 

r. 


son  o 
r 


r  r  n t  i  mif 
r  r n  t  i  mif 

WR1TF ( 6 . SOO 3 )  T (NTT  > 

N  TT  =  M  T  +  1 

FTP  V  AT (  '  1 ' .  ’  ******************  AN At YS I S  AT  T  I  RE 

BFTl PA 

f  n  n 


T  = 


F1C.5, 


. 


- 
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SlRPfbT  INF  CPFFP 

C  *********************************************** 

c  compctfs  tnflastic  strains  at  each  timestep 

'  COMMON  A(260, 40), S(16»16)»8(260)»V1(3, 50,4*10, 2). 

1  ¥2(3.50,4, 10.71. 

2  FI  X ( 5F , 4, 1 0)  ,E  IY(50,4, 10)  ,FIXY(50,4. 10) , SC  X  I  50, 4 , 10 ) , 

3  SC  Y ( 50 , 4 . 10). SCX  Y(50,4,10),  DNXI50.4), 

4  DNY<  5C.4 ).F IX( 50,4) ,FIY( 50,4 ) ,F IXY< 50 , 4 ) , ECX ( 50, 4 ) , EOY ( 50 , 4 ) , 

5C A (  3 .3) ,CBI 3.3 ) ,XI65) ,Y(651 • M ( 65  I ,WX(65) ,WY(65 ) ,WXY(65 ) ,HEO( 20) , 

6  C( 6  5 ) ,nx ( 65) ,DY( 65) ,DXY( 65 )  ,ABX( 50) , ARY( 50) , ATX( 50) ,ATY(50I • 

7  rT  X ( 50 ) ,0TY(50),CRX(50) , C BY ( 50 ) , DPTH( 50 ) ♦ T ( 25 ) ,UUDL(50),Z( 11) , 

8  AJX( 10) ,AJY( 10 ) . AMX< 10) , AMY( 10) ,OCli< 10) ,DC22( 10 ) ,0C12( 10) ,CD( 2), 

1  CELT A (50, 4, 10) ,KODE(65) .N0DGI50), 

2  N0CH(50),NCDI(50  )  .NODJ (50  )  , LM ( 4 ) , NE , N J , NL , NE C , MB AND, NT, 

*  PFPFAT .NTS 

CCMPCMSHRTNK/FSH<25) 

C0MMCN/VIVA/V3(3,50,4, 10 , 2  )  . SOX ( 50 ,4 , 10 ) , SOY ( 50, 4 , 10 ) , 

1  SCXY( 5C,4. 1 0) 

CCMNCN  /CHEK/CCXI  50,4, 10)  ,OCYC  50,4, 10) 

COMMCN/CONC/MLC»FS,EC,SCT ,GC 
D1MENSICN  F  S  S ( 2 ) 

On)  PI  F  PRECISION  A  ,  S,  B 
INTFCFR  REPEAT 
INTECFR  DELTA 
REAL  MIC 

FSS(2)  =  FSH(NTM) 

FSS (  1  )  =  FSH( NT » 

r. 

DO  7  5  C  N  =  1 , NF 
OC  7  5  C  1  =  1.4 
DO  740  J=1 .NL 
C 

c 

C  ********  CREEP  STRAINS  ********************* 

I  F  (  NT  •  EO.  1  )  C,C  TO  28 
C,C  TC  29 

c 

c  *****  FCP  FIRST  TIME  STFP  ONLY  *************** 

C 

28  C  A f  1.1  )  =  CA ( 1,2) 

C  A I  2*1  )=CA( 2,2) 

C  A  I  3.1 ) =C  A (3.2) 

K  =  I 


^  2 


l  =J 

SCX  (M  .  I  , J )  =  C. C 
S  OY (M,I»J)=C.O 


;CXY( M « I,J)=C.C 
1C  32  11=1.3 
/l (  1  I  ,  V  ,  K . I  .1  )  =  0.0 
/ 2(  I  I  .M.K.I  ,1 )  =  0.0 
/ 3 f  I  I  »  M  «  K  •  L  .  1  )  =  0.0 

/lV=(SCX(M,K,L)-SCX(M,K,L))*(CA(II,l)+CA(II,2))/2. 

/ 1  (  II ,M,K,L,2)=V1(I I ,M,K,L.l  ) ♦ V 1 V 

/?V=(SCY(M.K,L)-SCY(M,K.L))*(CA(II,l)^CA(II,2))/2. 

/2(  II,M,K.l.2)  =  V2(II.M,K,L.n+V2V 

/•JV/=(SCXY(M,K.L)-SCXY(M,K,L)  )  *  (  C  A  (  11,1  )+CA(  11,2)  )/2. 
/ 3  f  I l.M,K,L*2)=V3( II ,M,K,L,1)+V3V 


CENT  I  MJF 


<  r*T*> 


> 1  .  i 
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or  TC  153 
2  9  CCNTINUF 
C 

C  **♦*♦  FOP  SURSECUENT  TIME  STEPS  ******************* 

C 

K  =  T 
L  =  J 

DC  153  11=1,3 

V1V=(SCX(M,K,L)-S0X(M,K,L1  )  *  (C  A  (  I  f  ,  1 1  *C  A  (  1 1 , 2  M /?• 
V1(II,M,K.L.?)=V1(II,M,K,L,1)+V1V 

V2V=<SCY(M,K,l)-SCY(M,K,L))*(CA<  II,1)+CA( 11,2)1/2. 

V2(  II »V»K»L»2)=V?(II »  M , K , L  » 1 ) ♦ V2V 

V’V  =  ( Sf XY( M,K,L )-$OXY(M,K,L ) ) * ( CA (II , 1  )  +C A (  I  I  ,  2  )) /2. 

V3<  I  I  ,w,K,L,2)  =  V3( II,M,K,L,1)*V3V 

153  CCNTINUF 

r.  p  i  =  o .  c 
r.p?=c.r 
f.  P  3  =  O  •  O 

r. 

nr  lcn  11=1.3 

C  R  1  =  CP 1 ♦ ( CP ( I I  »  2 ) -CB ( I  1,1)  I* ( VI (  I I»M»K,l,2)-MUC*V2(II,M,K,L,2) ) 
f.  P?  =  CR?  +  (CRC  I  I  ,  2  )  -  C  B  (  11,1)  )  *  (  V  2  I  I  I  ,  M  ,  K  ,  L  .  2  ) -MUC*  VI  (  I  I  ,  M  ,  K  ,  L  ,  2  )  ) 
CR3  =  CP3  +  If.R(  I  I  .  2  )-CB  (  I  1,1  )  )*(V3<  I  I,M,K,L,2)  ) 

100  CCNTINUF 

CR3=2.*(1.-PUC)*CP3 

CR11=(SCX(M,K,L)-MUC*SCY(M,K,L) )/EC 
CP?2=(SCY(M,K,L)-MUC*SCX<M,K,l ) )/EC 
CP33=SCXYI M,K,L ) *2 . * ( 1 . -MUC ) /EC 

r. 

f.  ***  TCTAL  STRAINS  IN  COORO  DIRECTIONS  ************** 

C 

FTX  =  ErX(M,I )-(Z(J  +  l)+Z(J) )/2.*FIX(M,I  ) 
FTY=FCY(M,T)-(7lJ+ll+7(J) )/2,*FlY(M,I ) 

FTXY=(DPTHm  /2,-(Z(  J*1)4Z(  J)  )/2,  )*F!XY(M,  I  1 
FIX  Y=-FTXY 

r. 

c 

E  IX  (M,K,L)=CP1-*ETX-CR1UESS(2)-FSS<  1  ) 

F IY (M»K,L )  =  C  R2 ♦ ET Y— CR22  +  F  SSI  2  )  —  FSS< 1) 

FTXY(N.K»L )=CR3+FTXY-CR33 

C 

nn  7 2 r  ii=i,3 

V  1  (  I  I  ,K,K,  I.  ,1)  =  V1(II.M,K.L,2) 

V2I  II,H,K,I.  ,1)  =  V?(II.M,K,L,2) 

V3f I I«M«K.L«1 )=V3( II,M,K,L,2) 

720  CCNTINUF 

SOX <  V.K.l )=SCX(M,K,L) 

S  OY ( R  «  K  «  L  )=SCY(M,K,L) 

SCXYCP.K.L )  =  SCX Y ( M  «  K  » l ) 

740  CCNTINUF 

r. 

7C 0  CENT  I NUF 
NT=  N  T-H 
R  FT  UR  N 
F  NO 
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SI  RPCl.T  INF  STPFSS 

f.  *  *  ** *  * *  *  4444*444++++#+++++#+++++++++++++++++#++ 

r.  computes  pfffrencf  surfacf  strains  .stfel  c  ccncrete  stresses*  moments 

0.  AND  CEFCKS  FCR  CRACKING 

C  CM  MCA  A ( 260.40) ,S (16,16) ,B( 260) . VI ( 3,50,4, 10,2)  . 

1  V7<3»C,0.4.1C,2)» 

2  FIX(50,4«10),EIY(50»4,10)»EIXY(50»4»10)»SCX(50»4»10)» 

3  SCY ( 50,4, 1 0) ,SCXY(50,4, 10),  DNX(50,4), 

4  nNY(5P«4).FIX(50,4)»FIY(5C,4)»FIXY(5C»4),ECX(50,4) ,E0Y(50,4), 

5CA(  ■*.?)  .CHI  3. 3)  ,X<65)  ,  Y  (  6  5  I  ♦  k  (  6  5  )  *  WX  I  65  )  .  WY  I  fc  5  )  ♦  W  XY  (  65  I  *  HED  I  20  )  , 
t  n(65).DX<65)fCY<65),nXY(fc5),ABX(50),ARY(50).ATX(50),ATY(50l. 

7  rTX(FC).OTY(50).rPX(50) . C BY ( 50 ) . DPT H I  50 ) . T ( 2 5 > . UUOL  (  50 )  ,  7  I  11). 
fl  AJXI  IT  )  .A.IYI10I  .AMX(  10)  ,  AMY(  10) ,  OC  1 1  (  10).DC22C  10).0C12I  10)  ,CK  2)  • 

1  DFLTAI50.4.10) .K0DEI65) .NO0GI50) . 

7  NCDH(50) . NOD  II 50 ) ,NOOJ (5C  » , LM ( 4 ) , NE . N J . NL , NEO, MB AND. NT , 

^  RFPFAT .NTS 

CCMMCN/CHEK/CCX( 50.4, 10) ,GCY(  50.4. 10) 

COMMON /CRAK/  SCT1,  SCT  2 ,  SCT  3  ,  SCT4,  G  A  Ml  .  GA  M?  ,  G  AM3,  G  AM4 

CCMMCN/CCNC/MLC.eS.EC,SCT,CC 

CO MMCN/PRNT/ I  PR INTI  50, 4) 

DIMENSION  PVX(50.4),RMY(50,4) 

DIMENSION  FTX(10)»ETY(  10)  »  E  T  XY (  10)  ,EEX(  10)  ,EEY(  lO).F.EXY(lO) 
nriJPLE  PRECISION  A.S.R 
INTEGER  REPEAT 
INTEGFR  TOX.TCY 
INTEGER  DEITA 
REAL  NUC 
REAL  NUMTR 
C 

C  mi,******#*  REFERENCE  SURFACE  STRAINS  *************** 

DO  55  M= 1 . NE 
DO  55  1=1,4 
A  1 1 =0.0 
A  1  2  =  0  •  C 
A  2?  =0 . 0 
C  1  1  =  C  .  0 
C  2  2  =  C  •  0 
DT  45  J  =  1 ♦ N  L 

r. 

H  =  7  (  J  ♦  1  )- 7  f  J  ) 

A  1  1  =  EC  /  (  1  -  MIJC  **2  I  ♦OCX  (  M,  I  ,  J  )  ♦H  +A11 

A  1 2  =  MUC *0C X ( M , I , J ) ♦ OCY ( M  « I , J|*H*EC/( 1-MUC**2 )  +A12 
A??=EC/( 1 -MUC  <  *2 ) ♦CCY(M, I , J ) *H  +  A22 
C1A=(7IJ+1)+7IJ))/2.*FIX(M,I)+FIX(M,I,J) 

C7A=MUC*(ZCJ-M)+ZfJ) )/2#*EIYIM»I )*OCY(M,I»J) 

1  ♦MUC+FTYIM.I.J)*  OCY ( M , I , J ) 

C 11 =C1 1 *CCX ( M  ,  I . J  )  ♦H*EC/ ( l-MUC*  +  2 ) ♦( C 1A+C2A ) 

C1R=( 7( J+l )  +  Z< J) ) /2.*FIY(M. I )*E IY(M, I, J) 

C2R  =  MUC*<  Z(J  +  1)+7(J))/2.*FIX(M,I) *CCX( M, I , J ) 

1  +MUC*EIXl M, I ,J)*CCX(M,I ,J) 

C7 ?=C27+CCY IM.I. J)*H*FC/( 1 -MUC* *2 ) * < C l B+C2 B ) 

C 

45  CONTINUE 
C 

All =  A  1 1 *F S* ( A  T  X ( M ) ♦ ABX I M ) ) 

A?7=A72+ES*(A1Y(M)+ABY(M)) 

C 11=Cll*FS*fmX(M)*FlX(M,I)*ATX(M)*DBX(M)*FIX(M,I)*ABX<M)) 

C7?=C?2*ES*IDTYIM)*EIY(M,  I  )  * ATY I M  )  *DBY ( M ) *F I Y I M , I  )  ♦ABY ( M ) ) 


. 


•  . 


. 
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M  R  T«  =  G  1  1  *A  ?2-C??*A  12 
OR  T  P  =  A  1  1*A??-A12*A12 
r 

FTX ( R , I  1  =  M1RTP/0RTR 

r. 

N l  MTR=(~1  1*A1?-C22*A1  1 
ON  T R= A12*A1 2-A22*A 1 1 

r. 

F  PY ( R  .  I  )  =MJR  T  R  /  CM  T  P 
r 

K5  r.CMTIMJF 

r. 

r  **<*<****«;tPFSSF5  AND  RCMFNTS  ********* 

r. 

nr  *5 c  r  =  i ,  n  f 
nr  50  i=i. a 
r. 

R  R  X  (  R  .  I  1=0.0 
R  R  Y  (  R  ,  I 1=0.0 

IFCPFPFAT.FO.il  GC  TO  155 

r. 

G  STFFI  STRAINS 

r. 

FSTV=FrV(M.I)-DTY(R)«FIV(R,I) 

FSTX=Frx(M,I)-nTX(R)*FlX(R.I) 

FSRY=FPY<M, I )-CBYIM)*FIY(R, I ) 
FSP>=FOX(M.I)-ORX(M}*FIX(R,I> 
r 

r.  *********  F  r  RTF  IN  STFFL  *********** 
r 

STY=ATY(R)*FSTY*ES 
STX=ATX(R)*FSTX*FS 
SPY=APY(R) *FSRY*FS 
SRX=APX(R)*FSPX*FS 
155  C  T N  T I M I F 
C 

nr  ao  j  =  i ♦ n i 

r. 

C  *********TQTAl  STRAINS  ************* 

r. 

FTXm  =  Frx(R,I)-(7(J  +  l»+Z(J))/2.*FlX|M,n 
FTY(Jl  =  FrY(R,n-(7(J  +  l)F7(J))/2.*FIY(H,|) 
FlXY(J)=-(nPTH(Rl/?.-(Z(J+l)+7(jn/2.)«FIXY(RfI) 

r. 

C  *********  FI  AST  I C  STRAINS  *********** 

r. 

FFX(J1=FTX(J)-FIXCR'*I*J) 

F  FY ( J 1  =ETY<  Jl -FI Y (R, I . J  > 

r 

c  *****«***rrKCPfrp  stpfssfs  ********* 
r 

xrs  =  orx(R.i.ji*EExu)  ♦Mur.*ccx  im.  i  .  J)  *cr y<  r, i . j ) *ffyi ji 

yrs  =  Rlir.*OCX  (R,  I  .  J  )*OCY<  M,  I , J )*FFX( J 1 +QG Y(R, I , J )*EEY( J) 
SCX(R,I,J)=Ff/< 1-RUC**? 1*XCS 
STY ( M. I . J)=FC/C 1-RUC**?»*YCS 

SCXYCR.  I, J 1=GC*(FTXY( Jl-FIXYCM. It J)  1 

*  * 

r. 

K  =  I 
t  =J 

r. 


. 
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C  *********  PRINCIPAL  STRESSES  ************** 

C 

DIF  F  =  SCXCM. I  *  J I -SCY C  M  .  I  ,  J  ) 

I F { D  IFF.FO.P.C)  GC  TO  22 

A  NG  =  2  •  ♦  SC X  V  C  M  ,  I  *  J  1  /  C  SC X  C  M  *  I. J)-SCY(M, I, JI) 

THFT=ATAN( ANGI/2.0 
TFFT  l  =  THFT  +  3. 1A 15926/2. 

GO  TO  23 

22  CCN7IMJF 
TFFT=C.O 

TFF T1=THFT*3. 1A15926/2. 

23  CCNTIMJF 

SSI  =  SCX  CM,  I  »  J  I  *  (  CC  S  (  THET  I  )  **?*SC  Y  C  M  ,  I  ,  J  )  *  (  S  I  N  (  THFT  I  »**2 

1  *?.*SCXYC M, I, J)  +COSC  THET ) *S INC  THFT I 
S  S  2=  SCXCM,!  »J)*CCCSCTHFT1)  )  **2  +  SCY  C  M  ,  I  ,  J  )  *  C  S I N  <  THET  1)  l**2 

1  +2.*SCXY(M,  I, J ) AS  INC THFT l)*COSC THE  Til 

r. 

C.  *********  CHFCK  CRACKING  MATRIX  ********************* 

C 

IFC  ( I  SSI .1  T.SCT3I.OR. C  SS2.LT.SCT3)) .AND. C DE L T A C M , K , L ) .EQ.3) 1 
1  GC  TO  333 
GO  TO  317 

333  I FC SCXCM.K.L > .LT.O.O)  OCX  C  M  ,  K  ,  L)=GAM3 
IFC  SCYCM.K.L  I.LT.O.O)  QCY C M, K , L ) =GAM3 
DELTA(M,K,L  »  =  A 
R  EPFA  T  =  1 
31 7  CCNT INUF 

IFC  C  CSS1.LT.SCT2I* OR .CSS2.LT. SC T2))« AN D.(DELTA(M,K»LI.E0.2) I 
1  GC  TO  A  33 

GC  TO  A  1 7 

A3  3  IFC SCXCM, K.L) .LT.C.O)  OCX ( M, K, L )=GAM2 
IFCSCYCM.K.L). LT.O.O)  QCY C M , K , L  )  =  G AM2 
DFt  T  A  C  M  ,  K  ,  I  )  =  3 
R  FPEAT=1 
A 1 7  CCNT  INUF 
C 

I FC  C  C  SSI .1  T. SCTl ) .OR. (  SS2.LT.SCT1 ) ) . AND. ( OE LT A ( M, K , L ) • FO. 1 II 

1  GC  TO  533 

GO  TC  517 

*>  ■*  3  I  FC  SCXCM, K.L  )  .LT.C.O)  OCX  C  M  ,  K  ,  L  )  =  GAM  1 
IFC  SCY CM, K.L )  .LT.O.O)  OCY C M , K . L l  =  GAM  l 
DEL  TACM.K.I.  1  =  2 
R  FP  F A  T  =  1 
517  CCNT INUF 
fl36  CCNTIMJF 
C 

100  CCNT  IMJF 
C 

IFC  REPEAT. FO. 1 )  GO  TO  156 
C. 

C  MCMFNT  CCCNCPFTF) 

RMXCM.I )  =  SC  X  C  M . I . J I  * ( 7  (  L  ♦  1  )-Z ( L ) I *( Z ( LM )*ZCL) 1/2.0+RMXCM.I ) 

P MY  CM, I )  =  SCYCM,I,J)*(ZCL*11-Z(L ) ) *C Z C L  + 1 > +Z C L I ) /2 . 0  ♦RMYCM.I) 

156  CCNTIMJF 
AO  CCNTIMJF 

IFCRFPFAT.FO.il  GC  TO  157 
I FC  IPRINTC M, I  ).NF. 1 )  GO  TO  701 

C 

WR1TF  (6,7020) 
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w»  I  TM #>. ?ni r  i 

nr  '?(!  jt|,M 

WBI  !Mfr,?0?n  P. I. J. SOX  IP,  I,  J),SCY(P.I,J).SCXY|P.l,J|,FTXf J), 

»  ETYt.l>.rTXYIJ|.F|XtM,|fJ)tFlY(P,I,J|,FlXYIP,!,J) 

spr  rrMiMiF 

r. 

sst  y.fst  y*fs 
sst  x=f<tx*fs 
ssry=fsry*f  s 
S  SR  X  =  F  SRX*F  S 
r 

WPI  IF  (is, 7010) 

W  P  I  T  F  (  A  »  P0*>  5  )  P«SSTY«sstx,S5RY,SSRX 
70]  FONT  I  MlF 

f  xfMFM  (Ann  STEEL  CONTRIBUTION) 

«PX ( P. 1 )=ST  X*CTX( P)*SRX*0BXI PI ♦RMXIP, I) 

rwy(p,i)=sty*cty(p)»sry*cpyip)*  rmy( m, j ) 

1*57  CENT  I  MJF 
*0  r.CNT  I  MJF 
r. 

I F( PFPFA  T.FQ.  1  )  or  Tn  54? 
r 

WP?  TF  If ,70’0| 

WPI  TF  (<S,’4?R) 

nr  i?  p  =  i  •  n  f 

WR  I  TF  (A  ,  T4PM  P.Nnnr,  (  M)  ,  Rpx  (P,  1  )  ,  RPYl  P.  1  )  «  NODH  (  M  )  ,  RPX(  M  ,  ?)  , 

1  PMY(P,?|,N0ni(P),PMX(P,3) ,RMY(P,3),NrOJ(M),PMX(P,4),RPY(M,4l 

IP  ri'MIM'F 

r 

WWITF  ( A .POOR ) IN, TIN) ,  DX IM ,CY ( N) ,DXY ( N) ,N  = 1 , NJ  ) 

WPI TF (A. ?01 R )  TINT) 

or  t r  *■*-> 

4*?  r  ON  T  I  MJF 

WPI TF  If , POP? ) 

453  r  TN  T  I  MlF 
r. 

ifipfpfat.fo. i i  or  Tn  ?9 

WPI  TF  If  ,  ’09<)  ) 

WC I TF ( A, ^094 ) 

nr  pa  ii=i, nf 

nr  ?p  jj=i,4 

WP|TF(A»°093)  I  I  . JJ. I  ( OCX (  II  «JJ«KKl ,OCY(  I  I  «  J  J  ,  K  K  ) ) , K  K  = 1 ,10) 

PR  r.  r  N  T  I  N  L  F 
? 9  ocn  i  im  f 
r. 

POOR  FTRPAT  (  70H  )  JOINT  W  WX  WY 

1  WXY  /(  110,4015.6)  ) 

pnm  FTHPAT  (  *  C  •  .  •  F  l  F  P  OOPNFR  LAYFR  SOX  SCY  SCXY 

1FTX  FTY  FTXY  FIX  fc  I  Y  F I XY*  » 

P 0 1  R  PPPPATf T*  .•♦4**niSRl ACFPFNTS  FOR  TIPE  T=*,ER.4.'  *****♦•) 
pn?n  FfRPAT I '  ' ,  |4,  1  «,  16.9F 12. 3) 

?04s  FfRPAT  I  •  flFP',15,*  SSTY=*»E15.6,  •  5  S  T  X  *  •  ,  F  1  5 . 6  ,  •  SSRY=', 

1F15.A,'  SSPX=',F15.IS) 


P09  ? 

f  r  p  p  a  t  ( •  r.  • 

,  • 

CRACK  I NO 

OFTFCTFD  THIS 

ITERATION 

•  ) 

34P  A 

F  r  P  P  <  T  (  I  4  . 

I  5 

,?FJ?.3,15.2FI2.3. 

I  *5,  PE  12. 

• 

IT 

• 

rr 

2F  12. 

3  ) 

3  4  ?  R 

FTPP AT ( *0 • 

.  • 

f i f p  NnnG 

PP  XG 

PPYO 

NODH  RMXH 

)  RP  YW 

Nrn  ppxi 

RPY  I 

NCDJ 

RPXJ 

R  MY  J  '  ) 

309  3 

F  rn  P AT ( •  • 

, ? 1  * • 20F  5.3) 

3094 

FOPPAT  I  •  r • 

,  • 

FtFP  CORNR 

1  X 

1Y  2  X 

2  Y 

3  x 

3  Y 

4  X  4  Y 

1  5X  *Y 

IS  X 

6  Y  7X 

7  Y 

RX  BY 

9  X 

9  Y 

10X 

10Y  •  ) 

3094 

FOP  P AT (  ' 1  • 

.  • 

CRACKING 

COEFFICIENTS  - 

LAYERS  1 

TO  10» 

) 

7010 

FOPPAT! • f • 

.  • 

STFFL 

STRESSES  • ) 

70  P  0  FOPPAT I ' 0 1 . •  CONOR  F  T  E  STRESSFS  AND  STRAINS  •) 

70’0  FOPPAT  (•O'.*  PfPFNTS  COPFUTEn  AT  NCCAI  POINTS  •> 

r 

r 

PFTl  R  N 
F  NO 


<  ,  »  •  t  M  3  t  ?  *  \ 

X  I 


• 

.  •  V  ••  t 
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SlPRCOTlNF  MODIFY 

f.  ******44*************************************** 

f  A  l  L  F  C  PY  CISPl.  FOR  MODIFICATION  OF  FOUNS  FOR  BOUNDARY  CONDITIONS 
*********************************************** 

C.rNMCN  A(260,40),S(16,16),R(260).V1(3,50,4,10*2). 

1  V2 ( 3 .50.4. 10.2 ). 

2  FIX(50.4,10).FIY(5C.4,1C),FIXY(50.4,10).SCX(50.4,10), 

3  SC Y(50, 4,10), SCXYI50, 4.10).  DNX(5C,4), 

4  0NY(5C,4),FIX(50,4),F1Y(5Q,4)»FIXY(50»4)»ECX(50»4).E0Y(50»4)» 
5CA(3.?)«CB(3.3).X(65)»Y(65)»M65)»WX(65)»WY(65 ) ,WXY( 65 ) ,HED(20) , 
ft  fMf 5).DX(65),DY(65),DXY(65),ABX(50),ABY(50).ATX(50) , ATY( 50  )  » 

7  CTX(50),DTY(50).rPX(50)  ,  C  P  Y  (  50  )  .  DPT  H  f  50  »  ,  T  C  2  5  )  .  UUDL  (  50  I ,  Z  <  111* 

P  AJX(ie).AJY(10).AMX(10).AMY(10),DCll(10),DC22(10),OC12(10),CD(2), 

1  DFITA(50.4, 10) ,KODE (65  )  ,NODG( 50) ♦ 

2  AC DH ( 50 ) *  NOD  I (50) .N0DJI5C ) , L P ( 4 ) , NE , N J , NL , NF C, MB AND, N T , 

3  RF  PF  AT , NTS 

CCPPCN/CrNC/PlC.ES.EC.SCT.GC 
COMMON  /TEM  /  TEMP  ,  NI 
OrUPL F  PRECISION  A,S,B 
INTEGER  PEPEAT 
INTFCFP  DE( TA 
RFA1  PUC 

DC  20  K=2,PPAND 
I=N I — K ♦ 1 

if(  i.if.c)  nr  tc  10 

P  (  I  )  =  F (  I )-A ( I  «  K ) *  T  FMP 
A ( I » K  )  =  0.0 
1  0  I  I  =  N I 4K-1 

I  F(  I  I .CT.NFC )  GO  TO  20 
P (  I  I ) =P ( 1  I )  — A ( NI ♦ K  >*TFMP 
A (N I . K ) =f • C 
20  CCNT  IMIF 
RFTURN 
FND 


; 

■ 

-i 
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SLRRCt  T  INF  T  I  SFL 

C  ******  ******a******* ***********************  **** 
f.  MODIFIES  ASSEMBLED  EQUATIONS  FOR  BOUNDARY  CONDITIONS 

C  ******  ** ****** *************** *******¥*4  ****** 

r. 

CCMMCN  A (260 .40) ,5(16,16) ,RI 260), VI I  3,50,4,10,2) , 

1  V2(3.50.4,1C,2), 

?  FI XI 50,4, 10) ,FIY(50,4,10) »EIXY(50»4»10) *SCX(50»4*10), 

1  SC.  Y  (  50  »  4 , 1  0  )  »SCXY(50»4,10)»  0NX(50,4), 

4  C  N  Y  (  CC,4 ).FIX(50,4),FIY(50,4) *  F  I XY ( 50 , 4 ) , ECX ( 50 . 4 ) , EO Y ( 50  *  4 ) , 

5f.  A  (  3.3) .CRI3.2) ,X(65) ,Y(65),W(65) ,WX(65) ,WY(65) ,WXY(65),HED(20) , 
fc  Cl  65  )  ,DX(65 ) ,CY(65),DXY(fc5) ,ABX(  50 ) , AB Y(  50 ) , A T X <  50 ) . A T Y( 50 ) * 

7  TT  X ( 50 ) ,DTY(  50) • DBX( 50) . C BY ( 50 ) , DPT H ( 50 > , T ( 25 ) , UUOL ( 50 ) , Z ( 11), 

B  A  J  X  I  1 0 ) , A J  Y ( 1C ) , A  MX ( 10), AMY (10), DC 11(10), DC 22(10), DC 12(10), CD (2), 

1  CELTA(50,4,10),KODE(65) ,NODG ( 50 ) , 

2  NODH ( 50 ) .NODI (50) .NOD J( 50 ) ,LM(4) , NE, N J , NL , NE Q, MB  AND, NT , 

3  RFPFAT .NTS 

CCMMCN  /TEM  /  TEMP  ,  NI 

CCMMCN/PLSTC/  011(50) ,D22( 50),D12( 50) ,D33(50) 

COM MCN/CCNC/MLC, ES. EC , SCT  »  GC 

DIMENSION  RMX (50,4 ) ,RMY(50,4 )  ,RMXY(50,4) 

DIMENSION  FI) (4).FI2(4),FI12(4) 

DCUPLF  PRECISION  D1 1  * D1 2 ♦ C2 2 , D33 
DOl)  PL  F  PRECISION  A.S.B 
INTFGFP  REPEAT 
I  N'T  FC  FP  DEI  T  A 
REAL  MUC 
C 

C  FORCE  ROUNCAPY  CONDITIONS 

C 

DO  10  N  =  1  , N J 
N  N=4*N 
B(NN)=WXY(N) 

B INN-1 )  =  WY ( N ) 

B ( NN-?  )=WX ( N  ) 

10  B INN-3  )  =  WI N ) 

N  J?  =  4*NJ 

r. 

C  DISPLACEMENT  BOUNDARY  CONDITIONS 

C. 

DC  40C  N= 1 • N J 
N  N=  4  *  N 
K  =K  CD F  (  N  ) 

IF  IK. LT. 1000  )  GO  TO  100 
C  1.  VFRT.  DISF.  SPECIFIED 

T  FM  P= W I N ) 

N 1=  NN-3 
CALL  MODIFY 
21  A ( N  N- 3 • 1  )  =  1 .0 
B ( NN-3 ) =W ( N ) 

K =K-1 COO 

100  IF  (K. IT. IOC)  CC  TO  200 
C 

C  2.  X-SLOPF  SPECIFIED 

T  FM  P  =  V»  X  (  N  ) 

N  I  =  N  N  -  2 
CALL  MODIFY 
121  A  INN-2,1 )  =  1 .0 
R  INN-2  »=WX(N ) 
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k  =k - 1 rr 

?oo  if  (k  .1  t  .  1  r  >  rr  to  too 

r. 

r  ^ .  v - s i  r p i-  'Frr.mrn 

T  f  Nip  =  W  V  (  N  I 
M  =  NN-1 
f  At  i  prniFY 
??\  AiNN-i,n  =  i.r 

B ( \  N-1  I  =  WiY  (  N  ) 

y  =k  - 1  r 

■*rr  if  (k.i  t.i  )  rt  to  at o 
r. 

r  a .  twist  s  p  f  r  i  f  i  p  o 

T  FMP  =  WXY(N I 
N  I  =  N  N 

C  At  I  Pm  JF  Y 
"»?  1  A  (  N  N  ,11  =  1.0 

P(NN  >=WXY(M 

r 

AOO  FONT  IMJF 

r. 

r. 

r.  sni  VF  FTP  r  I  SPl  AT  FPPA'TS 

r. 

r  At  I  F  AN  SOI 

r 

C 

c 

c 

nr  rrr  n=i.nj 
n in  )  =  r( a*n-?  ) 

D v ( N ) =P ( A*N-?  ) 
n  Y  (  N  I  =  P  (  A *N  —  ]  I 
AOC  nXY(N)  =  P(A*M 
r. 

nr  2  7  r  p=i.nf 
r,=Njrnr  ( v ) 

H  =  NC  DRIP) 

T  =NCn 1 1 P ) 
j=Nrnj( vi 
ax=xi  j  > — x  ( r.  i 
RY=Y(F)-Y(G) 

r 

f. 

F  II  (1  )=-G./A>**?*r  IG)-4./AX*CX(G)*6./AX**2*n(J)-2,/AX*0X(JI 
F  I?  (  1  )=-G.  /BY**?*r(G)-4./RY*CY(G)«-6./PY'*2*i:{HI-2./BY*DY(H) 
F II ?( 1  )=PXY(G  ) 

r. 

Fill?  )=-6/AX**?*D<  H)-4./AX*nX( W )  +  6. /AX**?*D(  I  ) -2 • / A  X*DX  f  I  ) 

F  I?  (  2  >  =  -6.  /P,Y**?*r  I  H)+A./BY*DY(  H)  ♦fc./RY<=*2*C  (G)  *2.  /RY*DY(GI 
FT1 ?I?)=PXY<F ) 

r. 

F  1113  )  =  -6./AX**?*riI  t*4./AX*DX|I  )+6./AX**?*0(HU2./AX*nx(H) 
F  1?  (  3  )=-r.  /PY**?*P(l>  *4  *  /  P  Y  *0Y  (  1  )  +6  .  /  P  Y*  *  2*C  <  J  >  «•  2  .  /  R  Y*  0  V I  J  ) 
F II 21 3  )  =  0  X  Y  (  I  1 

r. 

F!1(A)=-<S./A>**2*P<J)*4./AX*nx(J)+6./AX**2*0(C;)*?./AX*DX(G» 
F  J2  <4  )  =  -6./PY**2*r  < J 1-4. /BY*OY<  J I+6./PY*  *2*C<  I )-2./BY*DYII) 
F II  ?|A ) =0X Y I J  I 

C 

nr  70  i=i, a 

F  IX  (  P  .  n=F  I  1  (  I  ) 

F  I  Y  (  P  ,  I  I  =  F  I  2  I  I  ) 

FIXYIP.  I  >  =  F  I  1 2  C  I  ) 

C 

70  r TN  T  I  NUF 
370  CON  T  TM'F 

r. 

PFT l RN 
F  NO 


■  X 
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APPENDIX  E 

FORMULATION  FOR  BOTH  IN-PLANE  AND  OUT-OF-PLANE  EFFECTS 


The  formulation  developed  in  Chapter  3  is  based  on  the 
assumption  that  the  net  resultant  force  in  the  plane  of  the  slab  at 
any  point  is  zero.  In  order  to  include  in-plane  effects,  additional 
degrees  of  freedom  are  required,  and  the  problem  may  be  formulated  as 
follows. 

Let  the  top  surface  be  the  reference  surface  with  displace¬ 
ments  , 

u0  =  u0(x,y) 

vQ  =  vQ(x,y)  (E.l) 

wQ  =  wQ(x,y) 

The  displacements  at  depth  z  based  on  the  Kirchhoff  assump¬ 
tion  that  normals  remain  normal  may  then  be  expressed  as 


U\  .  dw 

,y,z)  =  uQ  -  z  — 

v  =  v(x,y,z)  =  vo  •  z  |y 

w  =  w(x,y)  =  wQ 

The  strain  displacement  relations  give 
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or  {e}  =  {eQ}  -  z{k}  (E.3) 

The  constitutive  relation  for  linear  elastic  material  response  is, 

{a}  =  [E]  {e}  (E.4) 

The  strain  energy  expression,  from  Equation  (3.18)  is 


E  =  -E 


{cr}T{ e}  dV  =  \ 


{ e }  [E]  {e}  dV 
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{ { e0>T  -  z{ k }T }  [E]{ { eQ}  -  z{ k } }  dV 


1 

2 


({eo>T[E]Teo}  -  z{K}T[E]{eQ}  -  Z{£o}T[E]{k}  +  Z2{k}T[E]{k}  )dV 
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(E.5) 


Assuming  a  set  of  shape  functions  for  u  ,  v  ,  wQ  in  terms  of 
a  finite  number  of  degrees  of  freedom  gives. 
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where  {  represents  the  degrees  of  freedom  associated  with  the  in¬ 
plane  displacements  uQ,  vQ  and  { W}  represents  the  degrees  of  freedom 
associated  with  the  out-of-plane  displacement  wQ. 


By  differentiation, 


E3 


Substituting  in  the  expression  for  strain  energy. 


(E.7) 
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Following  the  procedure  of  Section  3.  the  element  stiffness 
matrix  becomes 
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An  analysis  based  on  this  formulation  is  capable  of  including 
in-plane  loading,  out-of-plane  loading  and  non-uniform  material  pro¬ 
perties.  Based  on  a  linear  variation  of  in-plane  displacements  over 


E4 


the  area  of  an  element,  one  degree  of  freedom  per  node  is  required  to 
specify  each  of  the  in-plane  displacement  quantities.  For  a  quadratic 
variation  in  wQ,  the  out  of  plane  displacement,  four  degrees  of  freedom 
per  node  are  required  for  the  element  used  in  the  present  investigation 
(Section  3.3). 

In  the  present  investigation  only  transverse  loading  is  con¬ 
sidered  so  that  forces  developed  in  the  plane  of  the  plate  will  generally 
be  small.  If  the  assumption  is  made  that  the  net  force  in  the  plane  of 
the  plate  is  zero  at  any  point,  the  degrees  of  freedom  associated  with 
the  in-plane  displacements  may  be  eliminated  thereby  reducing  the  total 
number  of  degrees  of  freedom  by  one  third  (Section  3.2). 

The  question  of  coupling  between  stretching  and  bending  for 
plates  unsymmetrical  with  respect  to  the  middle  surface  is  discussed  by 
Ashton  and  Whitney  wh0  formulated  the  equations  using  the  middle 
surface  as  the  reference  surface.  They  pointed  out  that  in  general  the 
coupling  cannot  be  removed  completely  by  changing  the  reference  surface. 
However  in  the  analysis  used  in  this  investigation  the  reference 
coordinate  system  is  defined  separately  for  each  of  the  x  and  y  axes 
by  specifying  the  depth  to  the  point  of  zero  normal  strain  for  elastic 
behaviour  in  each  of  the  coordinate  directions.  Because  of  the  unsym¬ 
metrical  nature  of  the  elastic  constants  these  depths  are  coupled  through 
the  Poisson's  ratio  effect  with  the  curvatures  in  the  x  and  y  directions. 
As  pointed  out  in  Section  3.2  this  coupling  effect  will  be  weak  for  con¬ 
crete  slabs  and  for  the  purposes  of  the  present  work,  is  ignored  in 
defining  the  zero  normal  strain  depths. 
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APPENDIX  F 

EVALUATION  OF  MOMENT  CURVATURE  RELATIONSHIPS 


The  purpose  of  this  section  is  to  describe  in  detail  the 
procedure  used  to  evaluate  the  moment  curvature  diagrams  in  Figure  4. 
based  on  a  stepped  stress  strain  diagram  for  concrete  in  tension.  The 
procedure  is  essentially  the  same  as  that  used  for  the  general  analysis 
of  cracking  in  slabs,  which  is  described  in  Section  3. 

Figure  FI  shows  a  unit  length  of  a  reinforced  concrete  cross 
section  and  corresponding  strain  diagram.  The  cross  section  is  divided 
into  a  series  of  layers  and  the  modulus  of  elasticity  E.  for  each  layer 
i  may  be  specified  independently. 

For  layer  i , 


z.|  =  distance  to  centre  of  layer 

e.j  =  strain  =  (dn  -  )<j> 

=  stress  =  E.jCdn  - 
Fi  =  force  in  layer  =  Ei  (dn  - 
Ft  =  force  in  top  steel  *  EsAt(dn"dt^ 

Fb  =  force  in  bottom  steel  =  EsAb(drTdt>)6 

The  depth  to  the  neutral  axis  d^  is  given  by 
j,  hi  z,  +  Es(Atdt  +  Abdb) 

^  I  hi  Ei  +  Es(At  +  V 


(F.l) 

(F.2) 

(F.3) 

(F.4a) 

(F.4b) 


(F.5) 


The  moment  in  the  cross  section  is  given  by 


M  = 


Ei (dn"zi)zihi ’*+(AtEs(dn-dt)dt+AbEs(dn-db)db)  '♦ 


(F.6) 
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Assuming  compression  on  top,  the  curvature  at  which  cracking  first 
occurs  is  given  by, 

*c  ■  -  d)  <F-7> 

where  represents  the  cracking  stress. 

The  following  steps  are  used  to  evaluate  the  moment  curvature  relation¬ 
ship  for  a  cross  section  based  on  a  stepped  stress  strain  diagram  for 
concrete  in  tension. 

1.  Assume  concrete  to  be  uncracked  and  assign  the  appropriate  modulus 
of  elasticity  to  each  layer. 

2.  Compute  the  neutral  axis  dn  (Equation  F.5). 

3.  Compute  the  cracking  curvature  (Equation  F.7). 

4.  Compute  the  corresponding  moment  (Equation  F.6). 

5.  Increment  the  curvature. 

6.  Compute  the  stress  in  each  layer  (Equation  F.2). 

7.  Check  stresses  for  modifications  to  elastic  constants  by  the  pro¬ 
cedure  of  Section  3.4  (specialized  for  the  uniaxial  case). 

8.  If  the  elastic  constants  require  modification,  recompute  dn  and 
repeat  steps  6  and  7. 

9.  When  no  further  modifications  are  required,  evaluate  the  moment  on 
the  cross-section  (Equation  F.6). 

10.  Repeat  steps  5  to  9  over  the  range  of  curvature  considered. 
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FIGURE  F . 1  CROSS  SECTION  AND  STRAIN  DIAGRAM 
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